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ABSTRACT
The d i r e c t i o n a l  e m i t t a n c e  f o r  t h r e e  d i f f e r e n t  g e o m e t r ie s  i s  a n a ­
ly ze d  f o r  s e v e r a l  v a r y in g  o p t i c a l  c o n d i t i o n s .  The g e o m e t r ie s  a r e :
(1) S e m i - i n f i n i t e  s l a b  w i th  f r e e  b o u n d a r ie s .
(2) I n f i n i t e  medium ( c o a t in g )  w i th  F r e s n e l  r e f l e c t i n g  
b o u n d a r ie s  .
(3) S e m i - i n f i n i t e  s l a b  ( c o a t in g )  w i th  F r e s n e l  r e f l e c t i n g  
b o u n d a r i e s .
Monte C a r lo  t e c h n iq u e s  a r e  used  to  o b t a i n  th e  s o l u t i o n s .  I s o t r o p i c  s c a t ­
t e r i n g  i s  assumed f o r  a l l  c o n d i t i o n s ,  and th e  e f f e c t s  o f  m u l t i p l e  s c a t ­
t e r i n g  a r e  i n c lu d e d .
The s e m i - i n f i n i t e  medium w i th  f r e e  b o u n d a r ie s  i s  a n a ly z e d  f o r  two 
o p t i c a l  d e p th s ,  1 .0  and 3 .0 ,  and two s c a t t e r i n g / e x t i n c t i o n  r a t i o s ,  0 .1  
and 0 .9 .  The e m i t t a n c e  i s  p r e s e n t e d  in  th e  form o f  c u rv e s  a t  v a r io u s  
edge and p la n e  l o c a t i o n s ,  from w hich  t h r e e - d im e n s io n a l  v iew s o f  th e  
e m i t t a n c e  may be o b t a i n e d .  Wlierever p o s s i b l e ,  a com parison  i s  made w i th  
p r e v i o u s l y  p u b l i s h e d  ap p ro x im a te  a n a l y t i c a l  s o l u t i o n s .  The e m i t t a n c e  i s  
found to  be n o n - d i f f u s e  and dep en d en t  on o p t i c a l  d e p th ,  l o c a t i o n ,  and 
a b s o r p t io n  c o e f f i c i e n t .  The edge e m i t t a n c e  i s  more d i r e c t i o n a l  th a n  th e  
p la n e  s u r f a c e  e m i t t a n c e ,  and th e  h ig h e r  o p t i c a l  d e p th s  w e re ,  i n  g e n e r a l ,  
more d i f f u s e .
Hie o n e -d im e n s io n a l  c o a t i n g  s o l u t i o n s  a r e  o b t a in e d  to  i n v e s t i g a t e  
the  e f f e c t s  o f  r e f r a c t i v e  in d e x ,  o p t i c a l  d e p th ,  and a b s o r p t i o n  c o e f f i c i e n t
iv
on the  d i r e c t i o n a l  e m i t t a n c e .  Curves a r e  p r e s e n te d  which w i l l  a l lo w  the  
d i r e c t i o n a l  e m i t t a n c e  to  be p r e d i c t e d  f o r  any o p t i c a l  d e p th  from 1 .0  to  
6 .0  and any  r e f r a c t i v e  index  betw een 1 .4  and 1 .8 ,  f o r  th e  two s c a t t e r i n g /  
e x t i n c t i o n  r a t i o s  o f  0 .9 5  and 0 .9 9 .  The d i r e c t i o n a l  e m i t t a n c e  i s  found 
to  i n c r e a s e  w i t h  an i n c r e a s e  i n  o p t i c a l  d e p th ,  a b s o r p t io n  c o e f f i c i e n t ,  
and r e f r a c t i v e  in d ex  f o r  th e  two s c a t t e r i n g / e x t i n c t i o n  r a t i o s  c o n s id e r e d .  
The com puter program s f o r  th e  o n e -d im e n s io n a l  s o l u t i o n s  w ere  much s h o r t e r  
th a n  th e  tw o -d im e n s io n a l  p rogram s;  c o n s e q u e n t ly ,  th e  o n e -d im e n s io n a l  
r e s u l t s  a r e  used  to  e x te n d  the  tw o -d im e n s io n a l  d a t a  to  o p t i c a l  c o n d i t i o n s  
n o t  a c t u a l l y  ru n .
Hie tw o -d im e n s io n a l  c o a t i n g  r e s u l t s  a re  o b ta in e d  f o r  a r e f r a c t i v e  
in d e x  o f  1 .4 ,  o p t i c a l  d e p th s  o f  3 .0  and 5 .0 ,  and s c a t t e r i n g / e x t i n c t i o n  
r a t i o s  o f  0 .9 5  and 0 .9 9 .  These o p t i c a l  c o n d i t i o n s  a r e  r e p r e s e n t a t i v e  o f  
c e ram ic  c o a t i n g s .  U sing  th e  o n e -d im e n s io n a l  c o a t in g  r e s u l t s ,  the  two- 
d im e n s io n a l  d a t a  i s  ex te n d e d  to  in c lu d e  th e  d i r e c t i o n a l  e m i t t a n c e  f o r  
o p t i c a l  d e p th s  o f  1 .0  to  6 .0  and r e f r a c t i v e  in d e x e s  o f  1 .4 ,  1 .6 ,  and 1 .8 ,  
f o r  th e  two s c a t t e r i n g / e x t i n c t i o n  r a t i o s .  The d i r e c t i o n a l  e m i t t a n c e  may 
be o b t a i n e d  f o r  any edge l o c a t i o n  o r  f o r  any p la n e  l o c a t i o n  up to  one 
o p t i c a l  d e p th  from th e  edge .
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DIRECTIONAL EMITTANCE OF EMITTING,
ABSORBING, AND SCATTERING MEDIA
CHAPTER I  
INTRODUCTION
The a r e a  o f  e m i t t i n g ,  a b s o r b in g ,  and s c a t t e r i n g  m edia  i n  th e  
f i e l d  o f  r a d i a t i v e  h e a t  t r a n s f e r  h a s  r e c e iv e d  a g r e a t  d e a l  o f  a t t e n t i o n  
i n  r e c e n t  y e a r s ,  p r im a r i ly ^ m o t i v a te d  by th e  new sp ace  age te c h n o lo g y .  
S u b je c t s  su ch  as  l i g h t  s c a t t e r i n g  by a tm o s p h e re s ,  s c a t t e r i n g  by fo g s  o r  
a e r o s o l s ,  and s c a t t e r i n g  by ch e m ica l  s u s p e n s io n s ,  to  name a few, have 
b een  s t u d i e d  f o r  many y e a r s .  V a r io u s  a s p e c t s  o f  t h e s e  s t u d i e s  a r e  s t i l l  
b e in g  a n a ly z e d ;  how ever, a d d i t i o n a l  p rob lem s a r e  a r i s i n g  which have  to 
be c o n s id e r e d .  Examples a r e ;  th e  d e t e r m i n a t i o n  o f  th e  h e a t  t r a n s f e r  
r a t e  from  a  h o t  r o c k e t  e x h a u s t  to  i t s  b a s e ,  th e  a n a l y s i s  and deve lopm ent 
o f  c e ra m ic  c o a t in g s  f o r  th e rm a l  p r o t e c t i o n ,  th e  a n a l y s i s  o f  r e e n t r y  h e a t  
t r a n s f e r  r a t e s  a t  h ig h  v e l o c i t i e s ,  and th e  a n a l y s i s  and deve lopm en t o f  
th e rm a l  c o a t i n g s  f o r  s p a c e c r a f t  o r  s a t e l l i t e  t e m p e ra tu re  c o n t r o l .
The s p e c i f i c  a r e a s  co v e re d  by t h i s  work i n c lu d e  th e  f o l lo w in g :
(1) d i r e c t i o n a l  e m i t t a n c e  o f  a tw o -d im e n s io n a l ,  
e m i t t i n g ,  a b s o r b in g ,  and s c a t t e r i n g  medium 
w i t h  f r e e  b o u n d a r ie s .
(2) d i r e c t i o n a l  e m i t t a n c e  o f  a o n e -d im e n s io n a l
c e ram ic  c o a t i n g  c o n s id e r in g  F r e s n e l  
r e f l e c t a n c e s  a t  th e  b o u n d a r i e s .
(3) d i r e c t i o n a l  e m i t t a n c e  o f  a  tw o -d im e n s io n a l  
ce ram ic  c o a t in g  c o n s i d e r i n g  F r e s n e l  
r e f l e c t a n c e s  a t  th e  b o u n d a r i e s .
A l l  s o l u t i o n s  w ere o b t a in e d  u s in g  Monte C a r lo  t e c h n iq u e s .  In  g e n e r a l ,  
th e  n o m en c la tu re  and d e r i v a t i o n s  from Love (1) w i l l  be u se d .
An ap p ro x im a te  s o l u t i o n  to  th e  tw o -d im e n s io n a l ,  f r e e -b o u n d a ry  
p ro b lem  has  been  o b t a i n e d  p r e v i o u s l y  by Bobco ( 2 ) ,  u s in g  a d i f f u s i o n  
a p p ro x im a t io n .  His a n a l y t i c a l  t e c h n iq u e  p roduced  c lo s e d - fo r m  r e s u l t s .  
The d i r e c t i o n a l  e m i t t a n c e  s o l u t i o n s  f o r  th e  o n e -  and tw o -d im e n s io n a l  
c e ra m ic  c o a t in g s  have  n o t  been  o b t a i n e d  p r e v i o u s l y .
Monte C a r lo  m ethods have  been  known f o r  many y e a r s  and were 
a p p l i e d  to  n e u t r o n  d i f f u s i o n  p rob lem s as e a r l y  a s  1950. (See ( 1 ) ,  
Appendix VI.) B h a t t a c h a r j i e  and Skumanich (3) w ere among th e  f i r s t  to 
a p p ly  Monte C a r lo  methods to  r a d i a t i v e  h e a t  t r a n s f e r  p roblem s when th ey  
d e te rm in e d  r e f l e c t e d  and t r a n s m i t t e d  r a d i a t i o n  from a  p la n e  c lo u d  i l l u ­
m in a te d  by a  p u ls e d  p o i n t  so u rc e  on top  o f  th e  c lo u d .  Howell and 
P e r l m u t t e r  u sed  Monte C a r lo  to  s o lv e  s e v e r a l  d i f f e r e n t  r a d i a t i v e  h e a t  
t r a n s f e r  p ro b le m s.  R e fe re n c e s  (4) and (5) w ere two o f  t h e i r  e a r l i e s t  
p u b l i c a t i o n s ,  d e a l i n g  w i t h  h e a t  t r a n s f e r  be tw een  s u r f a c e s  s e p a r a te d  by 
a p a r t i c i p a t i n g  medium. R e fe re n c e  (4) c o n t a i n s  an  e x c e l l e n t  d i s c u s s i o n  
o f  th e  Monte C a r lo  d i s t r i b u t i o n  f u n c t i o n s  a p p l i c a b l e  to  r a d i a t i v e  h e a t  
t r a n s f e r  a n a ly s e s .  S in c e  t h e s e  e a r l y  p u b l i c a t i o n s ,  a number o f  p a p e rs  
have  been  p u b l i s h e d  u s in g  Monte C a r lo  m ethods to  s o lv e  many complex 
p ro b le m s .  C o r l e t t  (6) o b t a in e d  c o n f i g u r a t i o n  f a c t o r s  f o r  r a d i a t i v e
exchange i n  a  sp a ce  e n v iro n m en t  u s in g  Monte C a r lo .  Campbell (7) so lv e d  
a n o n l i n e a r ,  f r e q u e n c y  d e p e n d en t  r a d i a t i v e  h e a t  t r a n s f e r  p rob lem , and 
Stockham (8) d e te rm in e d  r a d i a t i v e  h e a t  t r a n s f e r  r a t e s  from a  h o t  e x h a u s t  
c lo u d ,  b o th  u s in g  Monte C a r lo  t e c h n iq u e s .  S c o f ie l d  (9) a p p l i e d  Monte 
C a r lo  m ethods to  d e te rm in e  h e a t  t r a n s f e r  r a t e s  to  v a r io u s  fogs  and 
a e r o s o l s .  P l a s s  and K a t ta w ar  (10, 11, 12, 13, 14, and 15) a p p l i e d  Monte 
C a r lo  t e c h n iq u e s  to  a n a ly z e  v a r io u s  a s p e c t s  o f  r a d i a t i v e  h e a t  t r a n s f e r  
r a t e s  from a tm o s p h e r ic  c lo u d s .
C onduc tion  and c o n v e c t io n  h e a t  t r a n s f e r  a n a ly s e s  have  a l s o  been 
made u s in g  Monte C a r lo  m ethods . H a j i - S h e ik h  and Sparrow (16) so lv ed  
s te a d y  s t a t e  and t r a n s i e n t  c o n d u c t io n  p ro b lem s,  and C h a n d le r ,  e t  a l  
(17) s o lv e d  l a m in a r  c o n v e c t io n  p rob lem s. Emery and C arson  (18) s u g g e s te d  
a m o d i f i c a t i o n  o f  th e  Monte C arlo  m e th o d - - th e  "Exodus" m ethod, which can 
be a p p l i e d  to  n o d a l - ty p e  problem s e n c o u n te re d  i n  c o n d u c t io n  and c o n v e c t io n  
a n a ly s e s .
The a p p l i c a t i o n  o f  Monte C arlo  te c h n iq u e s  i s  n o t  r e s t r i c t e d  to  
th e  s o l u t i o n  o f  n e u t r o n  d i f f u s i o n  and h e a t  t r a n s f e r  p ro b le m s.  The method 
may be u sed  a s  a n u m e r i c a l - t y p e  i n t e g r a t o r ,  and i t  h a s  been s u c c e s s f u l l y  
u sed  by Skidmore and Penzo (19) to  s im u la te  m idcou rse  g u id an ce  f o r  lu n a r  
f l i g h t s .  Logsdon and A f r ic a n o  (20) used  Monte C a r lo  m ethods to  compute 
h i s to g r a m s  f o r  t r a j e c t o r y  a n a l y s i s ,  p r o p e l l a n t  b u rn o u t  s t u d i e s ,  e t c . ,  
and th e n  d e v is e d  a m o d if ie d  Monte C a r lo  p ro c e d u re  w hich  re d u c e d  com puter 
tim e by a f a c t o r  o f  10.
In  th e  s p e c i f i c  a r e a  o f  c o a t in g s  Monte C a r lo  m ethods have been  
u sed  s u c c e s s f u l l y  to  i n v e s t i g a t e  v a r io u s  p r o p e r t i e s .  Honeywell Systems 
and R e se a rc h  C e n te r  (21) a n a ly z e d  a p igm ented  c o a t i n g  w i th  an i n c i d e n t
i n t e n s i t y  to  d e te rm in e  th e  r e f l e c t i v e  p r o p e r t i e s .  R e s e a rc h e rs  a t  the  
I l l i n o i s  I n s t i t u t e  o f  Technology (22) used Monte C a r lo  to i n v e s t i g a t e  
s c a t t e r i n g  in  h ig h ly - p ig m e n te d  c o a t i n g s .
C o a t in g s ,  i n  g e n e r a l ,  have r e c e iv e d  much a t t e n t i o n  b e c au se  o f  
t h e i r  a p p l i c a t i o n  i n  s p a c e c r a f t  t e m p e ra tu re  c o n t r o l ,  and m ost o f  th e  
p u b l i s h e d  l i t e r a t u r e  i s  concerned  w i th  p a i n t  c o a t in g s  c o n ta i n in g  s e l e c t e d  
p ig m e n ts .  The amount o f  i n fo r m a t io n  a v a i l a b l e  on c e ram ic  c o a t in g s  i s  
much l e s s ;  and th e  p r i n c i p a l  r e f e r e n c e s  used  i n  t h i s  work a r e  th e  r e p o r t s  
by F o l w e i l e r ,  M a l l i o ,  and Hobbs o f  L e x in g to n  L a b o r a t o r i e s  (2 3 ) .  S ince  
th e  o p t i c a l  p r o p e r t i e s  o f  t h e s e  ce ram ic  m a t e r i a l s  a re  e s s e n t i a l  to  a 
th e rm a l  a n a l y s i s ,  a summary o f  th e  m a t e r i a l  p r o p e r t i e s  i s  in c lu d e d  in  
Appendix A. A d d i t io n a l  r e f e r e n c e s  a re  a l s o  c i t e d .
The v e r s a t i l i t y  o f  Monte C arlo  te c h n iq u e s  h a s  been  shown by the  
p r e v io u s  d i s c u s s i o n  o f  the  v a r io u s  problem s i n v e s t i g a t e d  and s o lv e d  by 
Monte C a r lo  m ethods .  The amount o f  com puter t im e g e n e r a l l y  r e q u i r e d  to  
o b t a i n  an  a c c e p t a b l e  s o l u t i o n  i s  q u i t e  l a r g e ;  t h e r e f o r e ,  i f  e x a c t  o r  
n e a r l y  e x a c t  m ethods o f  s o l u t i o n  a r e  a v a i l a b l e ,  th e y  would be p r e f e r r e d  
o v e r  Monte C a r lo .  The a p p l i c a t i o n  o f  Monte C a r lo ,  t h e r e f o r e ,  i s  to  
p roblem s which a r e  too  complex to  be s o lv e d  by more c o n v e n t io n a l  m ethods. 
S in ce  e x a c t  c lo s e d - fo r m  s o l u t i o n s  have  n o t  been  o b ta in e d  f o r  the  e m i t t i n g ,  
a b s o rb in g ,  and s c a t t e r i n g  m edia  i n v e s t i g a t e d  h e r e i n ,  and s in c e  the  
v a l i d i t y  o f  th e  a v a i l a b l e  ap p ro x im ate  methods o f  s o l u t i o n  i s  somewhat 
q u e s t i o n a b l e ,  a Monte C arlo  s o l u t i o n  seems j u s t i f i e d .  The f o l lo w in g  
c h a p te r  d i s c u s s e s  th e  s t a t i s t i c a l  and p r o b a b i l i t y  methods r e q u i r e d  f o r  a 
Monte C a r lo  a n a l y s i s .
CHAPTER I I  
STATISTICS AND PROBABILITY METHODS
The u sag e  o f  Monte C a r lo  t e c h n iq u e s  i n  o b t a i n i n g  an a n a l y t i c a l  
s o l u t i o n  to  th e  d i r e c t i o n a l  e m i t t a n c e  o f  a  medium i s  b a sed  on p r o b a b i l i t y  
t h e o r y .  A p a r t i c l e  i s  e m i t t e d  w i t h i n  th e  medium and fo l lo w e d  u n t i l  i t  
e i t h e r  e s c a p e s  o r  i s  a b so rb e d  by th e  medium. Each e v e n t  f o r  which a 
d e c i s i o n  i s  r e q u i r e d  i s  d e te rm in e d  by p r o b a b i l i t i e s .
P r o b a b i l i t y  Theory
The f o l lo w in g  b r i e f  d i s c u s s i o n  i s  i n te n d e d  to co v e r  th e  p ro b a ­
b i l i t y  th e o r y  n e c e s s a r y  to  a p p ly  Monte C a r lo  t e c h n iq u e s  and i s  t a k e n  from 
Mood and G r a y b i l l  ( 2 4 ) .  The ty p e  o f  v a r i a b l e s  d e a l t  w i th  a r e  d i s c r e t e  
random v a r i a b l e s .  These v a r i a b l e s  have a d i s c r e t e  o r  f i n i t e  number o f  
p o s s i b l e  ou tcom es , and th e  d i s t r i b u t i o n  o f  outcom es i s  c a l l e d  a d i s c r e t e  
p r o b a b i l i t y  d i s t r i b u t i o n .
C o n s id e r  a q u a l i t y  c o n t r o l  prob lem  w here p a r t s  a r e  s e l e c t e d  a t  
random and checked  f o r  s i z e  w i t h i n  a  r e q u i r e d  t o l e r a n c e .  I f  th e  f re q u e n c y  
o f  o c c u r r e n c e  f o r  g iv e n  i n t e r v a l s  i s  p l o t t e d ,  th e  g rap h  m igh t  lo o k  l i k e  
F ig u re  2 -1 .  Assuming t h a t  t h i s  sample i s  r e p r e s e n t a t i v e  o f  th e  e n t i r e  
p o p u l a t i o n ,  th e  p r o b a b i l i t y  t h a t  a new p a r t  w i l l  l i e  w i t h i n  a c e r t a i n  
i n t e r v a l ,  say  0 to  1, i s  g iv e n  by the  a r e a  o f  th e  r e c t a n g l e  be tw een  0 
and 1. S in c e  th e  r e l a t i v e - f r e q u e n c y  d i s t r i b u t i o n  i n c lu d e s  a l l  a l lo w a b le
t o l e r a n c e s ,  th e  p r o b a b i l i t y  t h a t  a s e l e c t e d  p a r t  w i l l  f a l l  w i t h i n  th e  
r e q u i r e d  t o l e r a n c e s  i s  one , and c o n v e r s e ly ,  th e  p r o b a b i l i t y  o f  a p a r t  
f a l l i n g  o u t s i d e  th e  a l lo w a b le  t o l e r a n c e  i s  z e r o .  I f  a smooth cu rv e  i s  
drawn th ro u g h  th e  r e l a t i v e  f r e q u e n c y  p o i n t s  as  i n  F ig u re  2 -2 ,  such  t h a t  
t h e r e  i s  th e  same amount o f  a r e a  u n d e r  th e  cu rv e  from p o i n t  to  p o i n t  as  
f o r  th e  d i s c r e t e  c a s e ,  th e  p r o b a b i l i t y  co u ld  be found by i n t e g r a t i n g  
o v e r  th e  d e s i r e d  i n t e r v a l .
P ( 0  <  X <  1 )  = f ( x )  dx
P r e p r e s e n t s  th e  p r o b a b i l i t y  o v e r  th e  g iv e n  i n t e r v a l ,  and f ( x )  i s  the  
smooth cu rv e  g raph  o f  th e  r e l a t i v e - h i s t o r y  d i s t r i b u t i o n .  The smooth 
cu rv e  sh o u ld  be a c c e p t a b l e  b e c au se  th e  i n t e r v a l s  chosen  were a r b i t r a r y  
and c o u ld  have  been  made s u f f i c i e n t l y  s m a l l  to  a p p ro x im ate  more c l o s e l y  
th e  smooth cu rv e  a r e a s .
I f  th e  smooth cu rve  i s  a l lo w e d  to  ta k e  on a l l  p o s s i b l e  outcom es 
on th e  x - a x i s ,  th e  p r o b a b i l i t y  o f  any e v e n t  i n  th e  x - a x i s  o c c u r r i n g  i s  
one .
00
f ( x )  dx = 1
' - ' - 0 0
f ( x )  i s  s a i d  to  be a d e n s i t y  f u n c t i o n  f o r  th e  e v e n t  i f  i t  s a t i s f i e s  the  
fo l l o w in g :
iCO
f ( x )  dx = 1 ,I
and f ( x )  > 0 o v e r  th e  i n t e r v a l  -œ < x < ® .
The p r o b a b i l i t y  f o r  an  e v e n t  o c c u r r i n g  i n  a g iv e n  i n t e r v a l  ( a ,b )  i s  
found by i n t e g r a t i n g  o v e r  t h a t  i n t e r v a l .
p (a  < X < b) =
pb
f (x )  dx 
a
The c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n  o f  x i s  th e  p r o b a b i l i t y  
t h a t  th e  v a lu e  o f  th e  random v a r i a b l e  w i l l  be e q u a l  to  o r  l e s s  t h a n  x. 
I t  i s  d e f in e d  by th e  i n t e g r a l
F (x)  = P(X < x )  =
pX
f ( t )  d t
’-'-00
F i s  a n o n d e c re a s in g ,  c o n t in u o u s  f u n c t i o n  w i th  the  p r o p e r t i e s  t h a t  
F(-xo) = 0 and F(<=) = 1, The c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n  f o r  f  from 
F ig u re  2-2  i s  s k e tc h e d  i n  F ig u re  2 -3 .  I f  th e  c u m u la t iv e  d i s t r i b u t i o n  
f u n c t i o n  i s  known, th e  d e n s i t y  f u n c t i o n  may be found by d i f f e r e n t i a t i n g  
F (x ) .
The f u n c t i o n  f  may in v o lv e  one o r  more random v a r i a b l e s ,  and they  
may be in d e p e n d e n t  o r  d e p e n d e n t  i n  the  p r o b a b i l i t y  s e n s e .  f ( x , y )  i s  
known as  a  j o i n t  d i s t r i b u t i o n  f u n c t i o n .  I f  two random v a r i a b l e s  a r e  
in d e p e n d e n t ,  th e  outcome o f  one e v e n t  i s  u n a f f e c t e d  by any knowledge o r  
p r o b a b i l i t y  o f  th e  o t h e r .  I f  th e  p r o b a b i l i t y  t h a t  an e v e n t  o c c u r s  w i t h i n  
th e  i n t e r v a l  (a  <  x <  b) and (a* < y <  b ' ) f o r  a  j o i n t  d i s t r i b u t i o n  
f u n c t io n  f ( x , y ) ,  i t  would be found from
P ( x ,y )  =
b '  pb
f ( x , y )  dx dy 
a
I f  th e  random v a r i a b l e s  a r e  in d e p e n d e n t  in  the  p r o b a b i l i t y  s e n s e ,  th e  
j o i n t  d i s t r i b u t i o n  f u n c t i o n  may be r e w r i t t e n  as  th e  p r o d u c t  o f  two 
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FIGURE 2-1 
RELATIVE -  FREQUENCY HISTOGRAM




FIGURE 2 - 3  
CUMULATIVE DISTRIBUTION FUNCTION
f ( x , y )  = g (x)  • h (y )
The p r e v io u s  p r o b a b i l i t y  cou ld  th en  be w r i t t e n
P ( x ,y )  = g (x )  h ( y )  dxdy
o r  P ( x ,y )  = h ( y )  dy g (x )  dx
-a' '-'a
The j o i n t  d e n s i t y  f u n c t i o n s  s a t i s f y  th e  same c o n d i t i o n s  o f  s i n g l e  d e n s i t y  
f u n c t i o n s  i n  t h a t  f o r  e v e n ts  i n  x and y , 
f ( x , y )  > 0 and
Lot w_oo
f ( x , y )  dxdy = 1
D e n s i ty  f u n c t i o n s ,  in d e p e n d e n t  random v a r i a b l e s ,  j o i n t  d e n s i t y  
f u n c t i o n s ,  and c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n s  a l l  p l a y  im p o r ta n t  
r o l e s  in  o b t a i n i n g  s o l u t i o n s  by Monte C arlo  t e c h n iq u e s .  The n e x t  c h a p te r  
a p p l i e s  t h e s e  p r i n c i p l e s  i n  d e v e lo p in g  an a n a l y t i c a l  model f o r  the  
p a r t i c u l a r  Monte C a r lo  a n a ly s e s .
CHAPTER I I I  
MODELS AND MONTE CARLO TECHNIQUES 
Three d i f f e r e n t  p h y s i c a l  m odels  a r e  a n a ly z e d  i n  t h i s  work. They
a r e  :
Case 1: tw o -d im e n s io n a l ,  a b s o rb in g ,  e m i t t i n g ,
and s c a t t e r i n g  m edia  w i th  f r e e  b o u n d a r ie s .
Case 2: o n e -d im e n s io n a l ,  a b s o r b in g ,  e m i t t i n g ,
and s c a t t e r i n g  m edia  ( c o a t in g )  w i th  
r e f l e c t i n g  b o u n d a r ie s .
Case 3: tw o -d im e n s io n a l ,  a b s o rb in g ,  e m i t t i n g ,
and s c a t t e r i n g  m edia  ( c o a t in g )  w i th  
r e f l e c t i n g  b o u n d a r i e s .
The geom etry  f o r  each  c a se  i s  shown i n  F ig u re  3 -1 .  The d i r e c t i o n a l
e m i t t a n c e  o f  the  i n f i n i t e  p la n e  was d e te rm in e d  f o r  Case 2 , and th e  e m i t -
t a n c e  o f  b o th  th e  edge and th e  p la n e  f o r  s e v e r a l  l o c a t i o n s  was d e te rm in e d  
f o r  Cases 1 and 3. The a n a l y t i c a l  m odels  to  be d e r iv e d  and used  a r e  as  
fo l lo w s  :
(1) P a r t i c l e  e m is s io n  from a volume e le m e n t .
(2) C o o rd in a te s  o f  e m is s io n .
(3) P a r t i c l e  p a th  l e n g t h .







(a) Sem i-infin ite  medium with free boundaries
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P a r t i c l e  E m iss ion  from a Volume Element 
The geom etry  f o r  e m is s io n  from a volume e le m e n t  i s  shown in  
F ig u re  3 -2 .  The p a r t i c l e s  w hich a re  e m i t t e d  from a d i f f e r e n t i a l  volume 
so u rc e  a re  assumed to  be e m i t t e d  i s o t r o p i c a l l y , t h a t  i s ,  a l l  d i r e c t i o n s  
a r e  e q u a l l y  p r o b a b le .  The number o f  p a r t i c l e s  N' w hich p a s s  th ro u g h  th e  
d i f f e r e n t i a l  a r e a  on th e  s u r f a c e  o f  th e  s p h e re  i s  d i r e c t l y  p r o p o r t i o n a l  
to  the  a r e a  o f  th e  d i f f e r e n t i a l  s u r f a c e .  The r a t i o  N' to  N, th e  t o t a l  
number o f  e m is s io n s  p a s s i n g  th ro u g h  th e  s p h e r i c a l  s u r f a c e ,  i s  g iv en  by




s i n  6 d6dcp 
An =  1
and s i n  6 An s o  (0 3 8 3 n )
th e  r e q u i r e m e n ts  f o r  a j o i n t  d e n s i t y  f u n c t i o n ,  f (9 ,c p ) ,  a r e  m et .  F u r t h e r ,  
th e  random v a r i a b l e s  a r e  in d e p e n d e n t  and may be w r i t t e n  as  th e  p r o d u c t  
o f  two d e n s i t y  f u n c t i o n s ,  g (8) and h(cp), where
g (0 )  = — y — and h(cp) = - ^
The c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n s  may now be found by i n t e g r a t i n g  
th e  above d e n s i t y  f u n c t i o n s .
,8
G(0) = ^  and H(cp) = 2TT
G(0> = I  [ 1  - 
H(<P) -  I s
COS 0] and
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S in ce  G(6) and H(cp) v a ry  betw een 0 and 1, they  may be s e t  equa l  to  random 
numbers ( a l s o  v a ry in g  betw een 0 and 1) f o r  th e  Monte C arlo  a n a l y s i s .
R q  = ^  [ l  -  cos  0 ]  and 
‘ 2 ?  •
The g e n e r a t i n g  d i r e c t i o n  i s  now found to  be
cos  6= 1 - 2Rg ( -1  ^ cos 6 ^ + 1 )
cp =  2 tt ( 0  ^  cp ^  2 tt )  . . -
C o o rd in a te s  o f  E m iss ion  
The geom etry  shown i n  F ig u re  3-3  i s  t h r e e - d i m e n s i o n a l ,  b u t  b ecau se  
o f  symmetry ab o u t  th e  Y - a x i s ,  th e  p roblem  re d u c e s  to  two d im e n s io n s .  In  
o t h e r  w o rd s ,  th e  e m is s io n  i s  in d e p e n d e n t  o f  l o c a t i o n  a lo n g  th e  X - a x is .
The p rob lem  th e n  becomes to  l o c a t e  the  p a r t i c l e  w i t h i n  th e  r e c t a n g l e  
SOL X L. The d i s t a n c e  SOL s ta n d s  f o r  s l a b  o p t i c a l  l e n g th  and i s  a 
v a r i a b l e  depend ing  on th e  m edia  o p t i c a l  c o n d i t io n s  and w i l l  be d i s c u s s e d  
in  d e t a i l  l a t e r  f o r  each  s p e c i f i c  o p t i c a l  c o n d i t i o n .  The d i f f e r e n t i a l  
a r e a  f o r  th e  g e n e r a t i n g  s l a b  i s  dydz , and th e  j o i n t  d e n s i t y  f u n c t i o n  i s
f (y,z)  = dydz(SOL)(L)
A gain , th e  random v a r i a b l e s  a r e  in d e p e n d e n t ,  and
s ( y )  = s k
h ( z )
I n t e g r a t i n g  th e  d e n s i t y  f u n c t i o n s  as  b e fo r e  and s e t t i n g  th e  c u m u la t iv e  
d i s t r i b u t i o n  f u n c t io n s  e q u a l  to  d i f f e r e n t  random numbers y i e l d s
14
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FIGURE 3 - 2  





y = SOL • R
y
z = L • Rz
The p a r t i c l e  e m is s io n  l o c a t i o n  and d i r e c t i o n  have now been  
d e te rm in e d .  The n e x t  prob lem  i s  to  d e te rm in e  th e  p a r t i c l e  p a th  l e n g t h .
P a r t i c l e  P a th  L ength
Once t h e r e  i s  an  e m is s io n  from a  g iv e n  volume e le m en t  i n  a  g iv e n
d i r e c t i o n ,  th e  e n e rg y  w i l l  c o n t in u e  to  t r a v e l  i n  a s t r a i g h t  l i n e  u n t i l
i t  e s c a p e s  th e  m edia  o r  i s  a t t e n u a t e d  by a b s o r p t i o n  o r  by s c a t t e r i n g .
The p r o b a b le  p a th  l e n g t h  i s  a  f u n c t i o n  o f  th e  o p t i c a l  p r o p e r t i e s  o f  th e  
m edia  and may be d e te rm in e d  as  f o l l o w s .  C o n s id e r  a p e n c i l  o f  r a y s  as 
shown i n  F ig u re  3 -4 .  From Sparrow and Cess (2 5 ) ,  th e  i n t e n s i t y  o f  
th e rm a l  r a d i a t i o n .  I ,  i s  g iv en  by
H I  d s  + a '  I  d s  = p o  I  d s
w h e r e  =  e x t i n c t i o n  c o e f f i c i e n t  a n d  i s  e q u a l  t o  t h e  s u m  o f  a ' ,  t h e  s c a t ­
t e r i n g  c o e f f i c i e n t ,  a n d  h , t h e  a b s o r p t i o n  c o e f f i c i e n t .
d l  = -Po I  ds  o r  I  =
I f  I  i s  s u b s t i t u t e d  back i n t o  th e  e q u a t io n ,
d l  = I  P e d s ,  o ro o
= P e-9o=  dsI  o o
d l  r e p r e s e n t s  th e  bund le  o f  e n e rg y  which i s  i n  th e  volume e le m en t  
ds  compared to  th e  t o t a l  ene rgy  p r e s e n t  a t  s = 0 , and t h i s  i s  th e  form o f  
a  d e n s i t y  f u n c t i o n .  I n t e g r a t i n g  th e  above e q u a t io n  y i e l d s
d l  = Po
I .
e-e°= ds - = 1
Direction of Intensity
I + d l
dw
FIGURE 3 - 4  
DEFINITION FOR ATTENUATION OF INTENSITY
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S ince  Pq6 s  0 , th e  e q u a t io n  m eets  the r e q u i r e m e n ts  f o r  a 
d e n s i t y  f u n c t i o n .
f ( s )  = P oe -9°s
As b e fo r e  th e  c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n  i s  found by i n t e g r a t i n g  
th e  d e n s i t y  f u n c t i o n .
F ( s )  = d t  = 1 -  e
R' = 1 -  e"^o® 
s
and 1 - R' = es
S ince  1-B/ i s  a l s o  a number random ly  d i s t r i b u t e d  be tw een  0 and 1, 
1-R7 becomes R^. Taking  th e  l o g a r i th m  o f  b o th  s id e s  o f  th e  e q u a t io n  
y i e l d s
In  R^ = - O o s )  ,
o r  s = (  - In  R
\  Po/ s
The p a th  l e n g t h  i s  s e e n  to be i n v e r s e l y  p r o p o r t i o n a l  to  the  e x t i n c t i o n  
c o e f f i c i e n t .  I f  th e  p a r t i c l e  p a th  l e n g th  i s  such t h a t  the  p a r t i c l e  does 
n o t  e s c a p e ,  i t s  h i s t o r y  may be t e r m in a te d  by a b s o r p t io n ,  and i t s  d i r e c t i o n  
may be a l t e r e d  by s c a t t e r i n g .
D e te rm in a t io n  o f  S c a t t e r i n g  D i r e c t io n  
S c a t t e r i n g  i s  d e f in e d  as any change in  the  o r i g i n a l  d i r e c t i o n  o f  
p r o p a g a t io n  o f  th e  e n e rg y .  For th e  t h r e e  c a s e s  a n a ly z e d  h e r e ,  th e  s c a t ­
t e r i n g  i s  assumed to  be caused  by in h o m o g e n e i t ie s  in  the  m ed ia .  These 
in h o m o g e n e i t ie s  may be s o l i d  p a r t i c l e s  su spended  w i t h i n  th e  m ed ia ,  o r  i n  
th e  c a se  o f  a ce ra m ic  c o a t i n g ,  c o u ld  be v o id s  in  th e  s o l i d  m a t r ix .  The
18
s c a t t e r i n g  i s  assumed to  be i s o t r o p i c ,  t h a t  i s ,  t h e r e  i s  no p r e f e r r e d
s c a t t e r i n g  d i r e c t i o n .  For a  r i g o r o u s  t r e a tm e n t  o f  s c a t t e r i n g ,  see
Van de H u ls t  (2 6 ) .
When a p a r t i c l e  i s  s c a t t e r e d ,  th e  s c a t t e r i n g  i s  assumed to  o c c u r  
a t  th e  end o f  th e  p r o b a b le  p a th  l e n g t h ,  and new c o o r d i n a t e s  a r e  d e te rm in e d ,  
y '  = y + ( s ) ( s i n  9) ( s i n  cp)
z '  = z +  ( s ) ( c o s  6 )
These t r a n s l a t e d  c o o r d i n a t e s  a r e  th e  o r i g i n  o f  th e  p a r t i c l e ,  and a new 
d i r e c t i o n  and p a th  l e n g t h  a r e  c a l c u l a t e d  as  b e fo r e  u s in g  th e  c u m u la t iv e  
d i s t r i b u t i o n  f u n c t i o n s .  The com puter program  w i l l  f o l lo w  each  p a r t i c l e ,  
i n c l u d in g  th e  e f f e c t s  o f  m u l t i p l e  s c a t t e r i n g ,  u n t i l  i t  i s  a b so rb e d  o r  i t  
e s c a p e s  th e  medium.
C o l l e c t i o n  A reas  f o r  Energy Escapes  
Cases  1 and 3
The tw o -d im e n s io n a l  m edia  s u r f a c e s  were d iv id e d  i n t o  i n f i n i t e  
c o l l e c t i o n  s t r i p s  p a r a l l e l  to  th e  X -a x is  a s  shown i n  F ig u re  3 -5 .  The 
number o f  s t r i p s  f o r  th e  s e m i - i n f i n i t e  p la n e  v a r i e d ,  d e p end ing  on o p t i c a l  
c o n d i t i o n s ,  and ranged  from e i g h t  to  t h i r t e e n .  The number o f  s t r i p s  f o r  
t h e  edge was n in e  f o r  b o th  c a s e s .  The e s c a p e s  were c a p tu r e d  i n to  one o f  
e i g h t  p o l a r  a n g le s  f o r  c a se  1 and i n t o  one o f  t e n  l o c a t i o n s  f o r  c a se  3.
The a z im u th a l  d i v i s i o n s  a r e  tw e lv e .
Symmetry was u t i l i z e d  a s  much as  p o s s i b l e .  E scapes  i n  the  top
h a l f  o f  th e  edge and i n  th e  top  p la n e  w ere  c a ta lo g u e d  i n t o  t h e i r
r e s p e c t i v e  l o c a t i o n s  on th e  bo ttom  h a l f  o f  th e  edge and th e  p l a n e .
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Polar divisions for both the plane and edge
FIGURE 3 -5  
COLLECTION AREAS FOR TWO-DIMENSIONAL SOLUTIONS
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th e  e d g e ' f o r  th e  a z im u th a l  d i v i s i o n s .  T h is  red u c e d  th e  a z im u th a l  
c o l l e c t i o n  a r e a s  to  s e v en .
Case 2
For t h e  o n e -d im e n s io n a l  c o a t i n g  p rob lem  w i th  r e a l  b o u n d a r i e s ,  th e  
e m is s io n  c o o r d i n a t e s ,  d i r e c t i o n ,  and p a th  l e n g t h  were computed i n  th e  
same m anner a s  b e f o r e ,  b u t  th e  c o l l e c t i o n  a r e a s  a re  d i f f e r e n t .  S in c e  th e  
p la n e s  a r e  i n f i n i t e  i n  e x t e n t ,  t h e r e  i s  no a z im u th a l  d e p e n d en c e .  The 
p a r t i c l e  was fo l lo w e d  i n  t h r e e  d im e n s io n s ,  b u t  o n ly  th e  e s c a p e  p o l a r  
a n g le  was used  to  d e te rm in e  th e  e x i t  l o c a t i o n .  To s im u l a t e  an  i n f i n i t e  
m ed ia ,  th e  c o l l e c t i o n  a r e a  s t a r t e d  a t  a d i s t a n c e  D from th e  edge such 
t h a t  th e  a r e a  c o u ld  n o t  " s e e "  th e  edge . The l e n g t h  D v a r i e d  w i th  th e  
o p t i c a l  p r o p e r t i e s  o f  the  m ed ia .  The c o l l e c t i o n  a r e a s  a r e  shown in  
F ig u re  3 -6 .
The p o l a r  d i v i s i o n s  w ere 17, th e  f i r s t  in c re m e n t  b e in g  10° and 
a l l  th e  o t h e r s  5 ° .  R educing  th e  p rob lem  to  one d im e n s io n  a l lo w e d  a 



















COLLECTION AREAS FOR ONE-DIMENSIONAL SOLUTION
CHAPTER IV
GEOMETRICAL CONSIDERATIONS FOR EACH MODEL
The geom etry  f o r  a l l  t h r e e  c a s e s  i s  somewhat s i m i l a r ,  b u t  t h e r e  
a re  enough d i f f e r e n c e s  t h a t  each  c a se  w i l l  be d i s c u s s e d  s e p a r a t e l y .  The 
d e s c r i p t i o n  w i l l  a l s o  i n c lu d e  th e  m ethods o f  d e te r m in in g  th e  e sca p e  p o l a r  
and a z im u th a l  a n g le s  f o r  a l l  t h r e e  c a s e s .  The com puter  p rogram  in c lu d e s  
the  e f f e c t s  o f  a b s o r p t i o n  and m u l t i p l e  s c a t t e r i n g ,  b u t  f o r  p u rp o se s  o f  
t h i s  d i s c u s s i o n  i t  w i l l  be  assumed t h a t  th e  en e rg y  b u n d le  i n  q u e s t io n  
does n o t  i n t e r a c t  w i th  any in h o m o g e n e i t ie s  e n r o u te  to  th e  boundary .
Tw o-D im ensional Medium w i th  F re e  B o u n d a r ie s
An e n e rg y  b u n d le  i s  e m i t t e d  a t  a p o i n t  y , z  w i t h i n  th e  medium.
The p o l a r  d i r e c t i o n  o f  e m is s io n ,  0 ,  may v a ry  from 0° to  180° , and the  
a z im u th a l  a n g le ,  cp, may v a ry  from 0° to  360° . The e x i t  may be o u t  the  
top  o r  bo ttom  p la n e  o r  t h e  edge , depend ing  on th e  c o m b in a t io n  o f  a n g le s .  
Table  4-1  sum m arizes t h e  p o s s i b l e  c o m b in a t io n s .
The geom etry  f o r  e ach  o f  th e  s i x  c o m b in a t io n s ,  (a )  th ro u g h  ( f )  
o f  Tab le  4-1  w i l l  be d i s c u s s e d  s e p a r a t e l y .
(a)  0° ^  cp ^  180 ° ,  0 < 90°:  Top Escape
The d e t e r m i n a t i o n  o f  th e  p o s i t i o n  o f  e x i t  and th e  e s c a p e  a n g le s  
a r e  shown i n  F ig u re  4 - l ( a ) .  The l o c a t i o n  a t  e x i t ,  y ' , and e s c a p e s  a n g le s  




SUMMARY OF EXIT DIRECTIONS
C o n d i t io n
(a)
0 °  3  9  g 180° 
0 < 90°
(b)
0 °  6  9  3 180° 
a > 90°
(c )
180° < 9  < 360° 
0 < 90°
Escape
L o c a t io n
Top Bottom Top o r  
Edge
(d) (e ) ( f )
C o n d i t io n 180° < 9  <  360° 0 °  3  9  3 180° 180° < 9  < 360°
0 > 90° 0 = 90° 0 = 90°
Escape Bottom o r ( w i l l  be Edge
L o c a t io n Edge s c a t t e r e d  
o r  ab so rb e d )
L o c a t i o n :  y '  = y + (1 -z )  t a n  0 s i n  cp 
P o l a r  A ng le :  0 '  = 0  
A z im utha l  A ngle : cp' = cp
(b) 0° s  cp ^  180°;  0 > 90° :  Bottom Escape
The d e t e r m i n a t i o n  o f  th e  p o s i t i o n  o f  e x i t  and th e  e s c a p e  a n g le s  
a r e  shown i n  F ig u re  4 - l ( b ) .  The l o c a t i o n  a t  e x i t ,  y ' , and e sca p e  a n g le s  
0 ' and cp ' a r e  ;
L o c a t i o n :  y '  = y - ( z ) t a n  0 s i n  9  
P o l a r  Angle : 9' = 180° -  0 
A zim utha l Angle: 9 ' = 9
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(c )  180° <  cp < 360°, 9 < 90°:  Top o r  Edge Escape
I f  an en e rg y  b u n d le  i s  e m i t te d  w i t h i n  t h i s  q u a r t e r  s p h e r e ,  i t  can 
e sca p e  o u t  the  edge o r  th e  to p ,  depend ing  on the  c o m b in a t io n  o f  a n g le s  
and l o c a t i o n .  The a s s u m p t io n ' i s  made t h a t  th e  e x i t  w i l l  be  o u t  th e  to p ,  
and the  p r o j e c t i o n  l e n g th  on the  Y -a x is  i s  c a l c u l a t e d  and compared w i th  
t h e  a c t u a l  d i s t a n c e  y from th e  edge . I f  th e  c a l c u l a t e d  d i s t a n c e ,  YT, i s  
g r e a t e r  th a n  y ,  th e  e x i t  i s  o u t  th e  edge . I f  n o t ,  th e  e x i t  i s  o u t  th e  
to p .  Th is  geom etry  i s  shown i n  F ig u re  4 - l ( c ) .  The l o c a t i o n  and e sca p e  
a n g le s  f o r  each  c a se  a r e :
Top Escape
Same as  (a)  above .
Edge Escape
L o c a t i o n : y = 0
z '  = z - y c o t  8 /  s in c p  
P o la r  Angle: 9' = c o s -^ ^  [ - s i n  9 s i n  cp]
A zim utha l A ngles:  9 ' = t a n   ̂ f — 1 , 1 8 0 °  < cp ^ 270° °  L cos cpJ
cp' = Y + ta n " ^  [ t a n  9 cos cp] ,270° < cp 360°.
(d) 180° <  cp <  360°, 9 > 90°:  Bottom o r  Edge Escape
Energy  b u n d le s  e m i t t e d  i n  t h i s  q u a r t e r  s p h e re  w i l l  e s c a p e  o u t  the  
edge o r  th e  b o t tom  s u r f a c e .  J u s t  as  f o r  th e  p r e v io u s  c a s e ,  t h e  a ssu m p tio n  
i s  made t h a t  th e  e x i t  i s  o u t  th e  p la n e  s u r f a c e  (b o t to m ) ,  and th e  p r o j e c ­
t i o n  l e n g th  on th e  Y - a x i s ,  YT, i s  c a l c u l a t e d .  T h is  l e n g th  i s  compared 
w i th  th e  a c t u a l  d i s t a n c e  y from th e  edge , and i f  YT i s  g r e a t e r  th a n  y , 
th e  e x i t  i s  o u t  th e  edge . I f  n o t ,  th e  e x i t  i s  o u t  th e  b o t to m . This





(c) Top or edge escape: 180° ^ Ç ' 360°
8 < :9 0 °
(d) Bottom or edge escape: 1 8 0 ° 3 6 0 ®
8 >90°
FIGURE 4-1  




geom etry  i s  shown in  F ig u re  4 - 1 ( d ) .  The e x i t  l o c a t i o n  and a n g le s  a re  
found by:
Bottom Escape
Same a s  (b) above .
Edge Escape
L o c a t io n :  y = 0
z ' = z - y c o t  9 / s i n  cp
P o l a r  Angle: 8 ' = cos   ̂ [ - s i n  6 s i n  cp]
A zim utha l A ng le s :  cp' = 3 tt / 2  + t a n  ^ [ t a n  0 co s  cp] , 180° < cp ^  270
cp' = TT + t a n  ^ f- .9PJ-..9-  
^  L  c o s  CpJ
, 270° < cp < 360° .
( e )  0 <  cp < 180° ,  9 = 9 0 ° :  S c a t t e r e d  o r  A bsorbed P o i n t
Energy  e m i t t e d  i n  t h i s  d i r e c t i o n  c o u ld  n o t  e s c a p e  and would be
s c a t t e r e d  o r  a b s o rb e d  a t  a d i s t a n c e  s e q u a l  to  th e  p a t h  l e n g t h .  The new 
c o o r d i n a t e s  and e m is s io n  d i r e c t i o n  would be d e te rm in e d  a t  t h a t  p o i n t .
( f )  180° <  cp < 3 6 0 ° ,  9 = 90°:  Edge Escape
Energy w hich  i s  e m i t t e d  w i th  t h i s  d i r e c t i o n  w i l l  s t r i k e  the  edge. 
The e x i t  l o c a t i o n  i s  a t  th e  same v e r t i c a l  d i s t a n c e  z ,  and th e  e x i t  p o l a r  
a n g le  i s  found from (c )  o r  ( d ) .  The a z im u th a l  e sc a p e  a n g le ,  cp ', i s  0° i f  
cp' i s  e q u a l  to  o r  l e s s  th a n  270° and i s  180° i f  cp i s  g r e a t e r  th a n  270°,
D i r e c t i o n a l  E m it ta n c e  -  F re e  B o unda r ie s
The d i r e c t i o n a l  e m i t t a n c e  o f  th e  tw o -d im e n s io n a l  p la n e  s l a b  i s
found u s in g  th e  b a s i c  c o n c e p t  o f  e m i t t a n c e .
g/%,  Em i t t e d  I n t e n s i ty ____ I '.,,^ ■'■1
 ̂ B lack  body i n t e n s i t y
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I n t e n s i t y  i s  d e f i n e d  as  x t im e x s t e a r a d i a n  x f r e q u e n c y  '
I n  term s o f  th e  Monte C a r lo  a p p l i c a t i o n  th e  i n t e n s i t i e s  a r e  g iv e n  by:
I  = N
bb (4tt ) (VO lume )x
and K n ' . c p ' )  = - ( A ^ e a f - ^ ' - e ---------Â1T
avg,
w here N = T o ta l  number o f  e m is s io n s
H' = C os ine  o f  e sc a p e  a n g le
H = A b s o rp t io n  c o e f f i c i e n t ,  1 /L eng th
cp' = Escape a z im u th a l  a n g le
N (|j. ',cp ')  = Number o f  e m is s io n s  i n  th e  e sca p e  s o l i d  a n g le
A u) = E scape  s o l i d  a n g le
cos  = C os ine  o f  th e  a v e ra g e  a n g le  i n  th a  e s c a p e  i n t e r v a l
Because o f  symmetry th e  volume term  re d u c e s  to  an a r e a  and th e  a r e a  term  
re d u c e s  to  th e  s e m i - i n f i n i t e  s t r i p  w id th .  The co m p le te  d i r e c t i o n a l  
e m is s io n  i s  th u s  g iv e n  by
avg.
A i s  the  g e n e r a t i n g  a r e a  (SOL X L) and H i s  th e  s e m i - i n f i n i t e  s t r i p  w id th .
The f r e e  boundary  p rob lem  was somewhat e a s i e r  to  a n a ly z e  b ecau se  
th e  e ne rgy  b u n d le  e sc a p e d  i f  i t s  p a th  l e n g th  exceeded  th e  d i s t a n c e  to  the  
n e a r e s t  bo u n d a ry .  T h is  i s  n o t  t r u e ,  how ever, f o r  th e  c o a t i n g s  o f  Cases 2 
and 3. The e n e rg y  w i l l  be r e f l e c t e d  from th e  boundary  i f  th e  a n g le  o f  
in c id e n c e  i s  g r e a t e r  th a n  some c r i t i c a l  v a lu e ,  and i t  may be r e f l e c t e d  
i n  a c co rd a n c e  w i t h  F r e s n e l ' s  r e l a t i o n s  even i f  th e  a n g le  o f  i n c id e n c e  i s  
l e s s  than  th e  c r i t i c a l  a n g le .  Energy which l e a v e s  th e  medium h as  i t s
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e x i t  a n g le  changed i n  a c co rd a n c e  w i th  S n e l l ' s  Law. S n e l l ' s  Law and the  
F r e s n e l  e q u a t io n s  w i l l  now be d i s c u s s e d  b e f o r e  c o n s id e r in g  th e  geometry 
o f  th e  c o a t i n g s .
S n e l l ' s  Law and th e  F r e s n e l  E q ua tions  
The fo l lo w in g  i s  t a k e n  from Love ( 1 ) .  E le c t ro m a g n e t i c  p la n e  
waves such  as th e rm a l  r a d i a t i o n  w i l l  undergo c e r t a i n  p r e d i c t a b l e  changes 
f o l lo w in g  an i n t e r a c t i o n  w i t h  a d i e l e c t r i c  m a t e r i a l  w i th  in d e x  o f  r e f r a c ­
t i o n  n. F ig u re  4 -2  i l l u s t r a t e s  th e  geom etry . The i n c i d e n t  a n g le  i s  9 ,  
th e  r e f l e c t e d  a n g le  i s  8 ' ,  and th e  r e f r a c t e d  a n g le  i s  6 " .  The i n t e r f a c e  
i s  a smooth s u r f a c e .
S n e l l ' s  Law s t a t e s  t h a t
n s i n  8 = n^ s i n  9 " ,  
o r  f o r  t h i s  c a s e ,
s i n  8 " = - i -  s i n  8 
""l
The r e f l e c t e d  a n g le ,  6 ' ,  i s  e q u a l  to  8 from S n e l l ' s  Law.
The amount o f  e n e rg y  r e f l e c t e d  and t r a n s m i t t e d  c a n  be d e te rm in e d  
by th e  F r e s n e l  e q u a t i o n s .
«I, -
g r  = g , 2  s i n  8 " cos 8
II II s i n  (9 +  9 " )  cos (9 - 9 ") 
2 s i n  8 " cos  9
s i n  (9 +  9 " )
The r e f l e c t i v i t y  o f  th e  s u r f a c e  i s  p r o p o r t i o n a l  to  th e  r a t i o  o f  








FIGURE 4 -2  
GEOMETRY FOR FRESNEL'S RELATIONS
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,E'\2
-  0  - n  = ( ^ )
The p o l a r i z a t i o n  o f  the  i n c i d e n t  l i g h t  i s  u s u a l l y  n o t  known, and, 
i n  p r a c t i c e ,  th e  r e f l e c t i v i t y  i s  found by a v e ra g in g  th e  p e r p e n d i c u l a r  and 
p a r a l l e l  com ponents .
P =  ^  + P|| ]
_ JL r r s i n  (9 -  9")~l^ r t a n  (9 -  8 " )1  \
2 i L s i n  (0 +  8 " ) J  L ean  (8 +  0 " ) J  J
For norm al i n c id e n c e  th e  e q u a t io n s  a r e  n o t  v a l i d ,  and th e  
r e f l e c t i v i t y  becomes
" -
The F r e s n e l  e q u a t i o n s  a l s o  a p p ly  i f  th e  wave i s  i n c i d e n t  upon a 
medium w i th  a  low er  in d e x  o f  r e f r a c t i o n .  There  i s ,  how ever, an  a n g le  
beyond which a l l  i n c i d e n t  r a d i a t i o n  i s  t o t a l l y  r e f l e c t e d .  T h is  c r i t i c a l  
a n g le  i s  g iv e n  by
• A 1S i n  0 ^  =  -
where n i s  th e  r e l a t i v e  in d e x  o f  r e f r a c t i o n .  W ith t h e s e  r e l a t i o n s h i p s  
now a v a i l a b l e  th e  r e a l - b o u n d a r y  g e o m e t r ie s  w i l l  be d i s c u s s e d .
Monte C a r lo  D e c is io n s  A f f e c t i n g  F r e s n e l  R e f l e c t i v i t y  
When a  r a y  o f  i n t e n s i t y  I  t r a v e r s i n g  a d i e l e c t r i c  i s  i n c i d e n t  
upon th e  d i e l e c t r i c - a i r  i n t e r f a c e  w i t h i n  th e  c r i t i c a l  a n g le ,  a  p o r t i o n  
w i l l  be r e f l e c t e d ,  and t h a t  re m a in in g  w i l l  be t r a n s m i t t e d  th ro u g h  the  
s u r f a c e .  The F r e s n e l  r e f l e e c t i v i t y  i s  shown i n  F ig u re  4 -3  f o r  a r e f r a c ­
t i v e  in d ex  o f  1 .5 .  I f  th e  F r e s n e l  e q u a t io n s  a r e  used  f o r  com puting  th e
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FIGURE 4 -3  
FRESNEL REFLECTIVITY -  REFRACTIVE INDEX = 1.5
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e n e rg y  l e a v in g  th e  d i e l e c t r i c ,  th e n  v a r io u s  f r a c t i o n s  o f  th e  e n e rg y  o f  the  
e n e rg y  b u n d le s  would have  to  be c a l c u l a t e d .  The e n e rg y  f r a c t i o n  would 
ran g e  from 0 .0 4  to  0 .9 9 +  f o r  an n o f  1 .5 .  This  ty p e  o f  a c c o u n t in g  i s  n o t  
p l e a s i n g  and may be e l i m i n a te d  by u s in g  a  Monte C arlo  d e c i s i o n .
When an e n e rg y  p a c k e t  s t r i k e s  th e  i n t e r f a c e ,  th e  v a lu e  o f  th e  
F r e s n e l  r e f l e c t i v i t y  i s  c a l c u l a t e d  f o r  th e  p a r t i c u l a r  a n g le  o f  i n c id e n c e .
A random number i s  t h e n  computed and compared w i t h  th e  v a lu e  o f  th e  
r e f l e c t i v i t y .  I f  th e  random number exceeds  th e  r e f l e c t i v i t y ,  the  energy  
e s c a p e s .  I f  n o t ,  t h e  e n e rg y  i s  assumed to  be t o t a l l y  r e f l e c t e d .  The 
t o t a l  e n e rg y  e s c a p in g  th e  d i e l e c t r i c  i s  c o n se rv e d  when a  l a r g e  number o f  
h i s t o r i e s  i s  c o n s id e r e d .  For i n s t a n c e ,  i f  100 r a y s  were i n c i d e n t  on the  
i n t e r f a c e  a t  an  a n g le  n e a r  th e  no rm al,  96 w ould , on th e  a v e ra g e ,  be t r a n s ­
m i t t e d  and 4 would  be t o t a l l y  r e f l e c t e d .  T h is  g r e a t l y  s i m p l i f i e s  the  
" b ookkeep ing"  and i s  c o n s i s t e n t  w i th  th e  p r o c e d u re  fo l lo w e d  when a p a th  
l e n g t h  i s  t e r m in a te d  by a b s o r p t i o n  o r  by s c a t t e r i n g .  A random number i s  
computed and compared w i th  th e  s c a t t e r i n g / e x t i n c t i o n  r a t i o .  I f  th e  random 
number i s  l a r g e r ,  th e  r a y  i s  a b s o rb e d .  I f  n o t ,  t h e  r ay  i s  s c a t t e r e d  and 
a  new d i r e c t i o n  i s  random ly  c h osen .
O ne-D im ensional I n f i n i t e  Medium w i th  R e f l e c t i n g  B oundaries
S in c e  t h i s  p ro b lem  can  be red u c e d  to  one  d im e n s io n ,  th e  geom etry  
i s  much e a s i e r .  The e m is s io n  l o c a t i o n  and d i r e c t i o n  a r e  d e te rm in e d  as 
b e f o r e ,  b u t  th e  e x i t  w i l l  be o u t  th e  top  o r  bo t tom  p l a n e ,  depend ing  o n ly  
on 9 .
Top E scape Bottom Escape S c a t t e r e d  o r  Absorbed
(a )  0° ^  e <  90° (b) 90° <  0 ^  180° (c )  0 = 90°
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(a)  0° ^ 9 < 90° ;  Top Escape
The geom etry  i s  shown in  F ig u re  4 - 4 ( a ) .  9 '  i s  th e  e x i t  a n g le  and
6 p i s  th e  a n g le  betw een th e  s u r f a c e  normal and i n c i d e n t  d i r e c t i o n .  0 i s  
e q u a l  to  8 ^ f o r  t h i s  c a s e .  I f  0^  i s  g r e a t e r  th an  th e  c r i t i c a l  a n g le ,  
t o t a l  r e f l e c t i o n  w i l l  o c c u r  o f f  the  top  s u r f a c e .  I f  0^  i s  l e s s  th a n  the  
c r i t i c a l ,  the  e ne rgy  b u n d le  may e scap e  i n  a c co rd a n c e  w i th  F r e s n e l ' s  
- r e l a t i o n s ,  o r  i t  may a l s o  be t o t a l l y  r e f l e c t e d  from th e  t o p ,  d e te rm in e d
by a  Monte C a r lo  d e c i s i o n .  I f  th e  r a y  e s c a p e s ,  th e  a n g le  0 '  i s  d e te rm in e d
from S n e l l ' s  Law.
s i n  0 ' = n s i n 0 p
Since  t h e r e  i s  no a z im u th a l  dependence , t h i s  i s  th e  o n ly  a n g le  c a l c u l a t i o n  
r e q u i r e d .  The s l a b  l o c a t i o n ,  y ' , i s  d e te rm in e d  as  b e f o r e ,
y '  = y +  ( 1 - z )  t a n  0 s i n  cp
I f  a r e f l e c t i o n  o c c u rs  a t  th e  top  s u r f a c e ,  th e  l o c a t i o n  i s :
y '  = y +  ( 1 - z )  t a n  0 s i n  cp
z '  = 1 . 0  
0 = 180° - 9p
cp = cp
A new p a th  l e n g th  i s  g e n e ra te d  f o r  th e  e ne rgy  w i th  th e  above p o s i t i o n  and 
d i r e c t i o n .
(b) 90° < 0 ^  180°: Bottom Escape
T his  geom etry  i s  shown i n  F ig u re  4 - 4 ( b ) .  0 i s  e q u a l  to  180° - 0 ,
and t o t a l  r e f l e c t i o n  o c c u r s  i f  0 „  i s  g r e a t e r  th a n  th e  c r i t i c a l  a n g le .  I fr
th e  pho to n  e s c a p e s ,  0 '  i s  a g a in  found by S n e l l ' s  Law.
s i n  0 ' = n s i n  0 ^
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(a) Top escape: O®-0^9O*
(y,z)
‘' z  e
(b) Bottom escape: 9 0 ® 0  £ 180®
FIGURE 4 - 4  
GEOMETRY FOR INFINITE COATING ESCAPES
35
I f  a r e f l e c t i o n  o c c u r s  a t  th e  bo t tom  s u r f a c e ,  th e  l o c a t i o n  i s :  
y '  = y _ 2 t a n  0 s i n  cp 
z ' = 0
® = ®F
cp = cp
A p a t h  l e n g t h  i s  th e n  g e n e ra te d  f o r  th e  new l o c a t i o n  and d i r e c t i o n  on th e  
b o tto m  s u r f a c e .
(c )  6 = 90° :  S c a t t e r i n g  o r  A b s o rp t io n
I f  6 e q u a ls  9 0 ° ,  th e  r a y  c a n n o t  e sc a p e  and w i l l  be a b so rb e d  o r  
s c a t t e r e d  a t  th e  end o f  th e  p a th  l e n g t h  s .  Ih e  c o o r d i n a t e s  and a  new 
e m is s io n  d i r e c t i o n  would be d e te rm in e d  a t  t h a t  p o i n t .
TVo-Dim ensional Media w i th  R e f l e c t i n g  B oundaries  
The geom etry  f o r  t h i s  c a s e  i s  e s s e n t i a l l y  a  c o m b in a t io n  o f  Cases 
1 and 2 above w i t h  th e  a d d i t i o n  o f  edge r e f l e c t i o n s .  T ab le  4 -1  and th e  
d i s c u s s i o n  f o r  each  c h o ic e  l i s t e d  under  Case 1 a p p ly .  I f  a  r e f l e c t i o n  
o c c u rs  from th e  to p  o r  bo t tom  s u r f a c e ,  th e  l o c a t i o n  and e m is s io n  d i r e c t i o n  
would  be th e  same a s  f o r  Case 2 above . Energy  e m i t t e d  i n  th e  d i r e c t i o n  o f  
th e  edge w i l l  e sca p e  o r  be r e f l e c t e d  d ep en d in g  on  th e  a n g le  o f  in c id e n c e  
and th e  F r e s n e l  e q u a t i o n s .  The edge geom etry  i s  shown i n  F ig u re  4 - 5 .
Edge Escape 
0° <  0 ^  90°
cos 0 = -  s i n  0  s i n  cp
F
s i n  0 '  = n s i n  0^  (Escape Angle)
90° <  0 3 180°
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EDGE
(o) 0®-  ̂ 0 4 9 0 *
EDGE ^
(b) 9 0 *  4 0  / |8 0 *
FIGURE 4 -5  
GEOMETRY FOR COATING EDGE ESCAPES
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cos  0 p = ( - s i n  0 ) s i n  cp
s i n  8 ' = n s i n  0 
For an  edge e scap e  cp' i s  found i n  th e  same manner as  in  Case 1.
Edge R e f l e c t i o n
I f  a r a y  i s  r e f l e c t e d  o f f  th e  ed g e ,  th e  p o s i t i o n  i s  d e te rm in e d ,  
and a new p a th  l e n g t h  i s  d e te rm in e d  a t  t h a t  p o i n t ,  
z '  = z -  y c o t  0 / s i n  ^
0 = 9
cp =  2 t t  -  9  p r e v i o u s
D i r e c t i o n a l  E m i t t a n c e - R e f l e c t i n g  B oundaries  
The d i r e c t i o n a l  e m i t t a n c e  f o r  the  r e f l e c t i n g  boundary  problem s 
i s  d e te rm in e d  i n  th e  same m anner as  b e f o r e .
e ( ^ . , c p . )  =
bb
For t h e s e  c a s e s ,  how ever, th e  b l a c k  body i n t e n s i t y  w i t h i n  th e  c o a t i n g  i s
n o t  e q u a l  to  th e  b l a c k  body i n t e n s i t y  on the  o u t s i d e  o f  th e  c o a t i n g .
2
The two i n t e n s i t i e s  d i f f e r  by a f a c t o r  n . T h is  may be seen  from th e  
f o l lo w in g  from Love ( 1 ) .  C o n s id e r  an e n c lo s u r e  w i th  a d i e l e c t r i c  m a t e r i a l  
o f  in d e x  o f  r e f r a c t i o n  n i n  a  vacuum. The i s o l a t e d  e n c lo s u r e  and i n t e r ­
fa c e  geom etry  a r e  shown i n  F ig u re  4 - 6 ( a )  and (h) r e s p e c t i v e l y .  The 
i n t e n s i t y  o f  th e rm a l  r a d i a t i o n  in  th e  vacuum i s  b l a c k  body i n t e n s i t y ,  and 
in  e q u i l i b r i u m ,  t h e r e  c a n n o t  be a n e t  exchange o f  r a d i a t i o n  a c ro s s  th e  
i n t e r f a c e .  The e n e rg y  b a la n c e  i s












(b) Interface energy balance 
FIGURE 4 * 6
ISOLATED ENCLOSURE AND DIELECTRIC-VACUUM INTERFACE
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From S n e l l ' s  Law n s in  0 '  = s in  0
and n cos S ’ d 0 ' = cos  8 d0 .
dtu = s i n  0 d0 dp
d (u' = s in  0 ' d0 ' dp '
S u b s t i tu t in g  th e se  r e la t io n s  in to  the energy balance eq u ation  y i e l d s
I cos  0 p s i n  0 d0 dcp + I  ( 1 - p ' )  — cos 0 d0 —— -----^bb n n .
= cos 0 s in  0 d0 dp
dp = dcp' , which y i e l d s
I b b ( l - P ) = \  I ( l - P ' )  .
n
From F r e s n e l ' s  eq u a t io n s ,  p ' = p ; th e r e f o r e ,  the i n t e n s i t y
2
w ith in  the medium i s  r e la t e d  to the b lack  body i n t e n s i t y  by I = n 
For the c o a t in g  em ittance
avg.
The b a s i c  eq u at ion s  for  determ in ing  the e m it ta n c e s ,  and the  
geometry fo r  a l l  three  cases  have been d i s c u s s e d .  The next  three chapters  
deal w ith  the s p e c i f i c  methods used in  determ in ing  the r e s u l t s  and w ith  
the d i r e c t io n a l  em ittan ces  o b ta in ed .
CHAPTER V
TWO-DIMENSIONAL MEDIA WITH FREE BOUNDARIES
The f o u r  d i f f e r e n t  m edia a n a ly z e d  were o p t i c a l  d e p th s  o f  1 .0  and 
3 .0 ,  and s c a t t e r i n g / e x t i n c t i o n  r a t i o s  o f  0 .1  and 0 .9 .  The g e n e r a l  approach  
f o r  a l l  f o u r  m edia  i s  th e  same; how ever, th e  number o f  c o l l e c t i o n  s t r i p s  
and g e n e r a t i n g  a r e a  l e n g t h s  v a ry .  For t h e s e  r e a s o n s  each  o f  th e  p a r t i c ­
u l a r  p rob lem s i s  d i s c u s s e d  s e p a r a t e l y .
T = 1 .0 ,  g = 0 .9  
T h is  was th e  f i r s t  s o l u t i o n  a t t e m p te d ,  and two d i f f e r e n t  d a ta  
ru n s  w ere made i n  o r d e r  to  d e te rm in e  what p rob lem s e x i s t e d  i n  o b t a i n i n g  
the  Monte C a r lo  s o l u t i o n .  P r e l i m i n a r y  ru n s  were made to  see  how f a r  th e  
r a y  would t r a v e l  i n  th e  Y - d i r e c t i o n  p r i o r  to  e s c a p in g  o r  b e in g  a b s o rb e d .  
Most o f  the  t im e  th e  e n e rg y  e sca p e d  d i r e c t l y  i f  th e  p a th  l e n g t h  was lo n g .  
For s h o r t e r  p a th  l e n g t h s  a s c a t t e r i n g  u s u a l l y  o c c u r r e d .  The maximum 
d i s t a n c e  t r a v e l e d  was a  d im e n s io n le s s  d i s t a n c e  o f  a b o u t  6 . 0 , o r  6 o p t i c a l  
d e p th s .  From t h i s  in f o r m a t io n  a g e n e r a t i n g  l e n g t h  o f  11 .0  and a c o l l e c ­
t i o n  l e n g t h  o f  4 .0  w ere c h osen . The y and z d im en s io n s  were non- 
d im e n s io n a l iz e d  by d i v i d i n g  by th e  medium t h i c k n e s s ,  L , w hich  was a s s ig n e d  
a v a lu e  o f  o n e .  A l e n g t h  o f  11 th u s  c o r r e s p o n d s  to  11 edge t h i c k n e s s e s  
o r  11 o p t i c a l  d e p th s .  The c o l l e c t i o n  l e n g t h  was ch o sen  u s in g  B o b co 's  (2) 
d a t a  a s  a g u id e .  H is d a t a  i n d i c a t e d  l i t t l e  d i r e c t i o n a l  c h a r a c t e r i s t i c s
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beyond a  d im e n s io n le s s  d i s t a n c e  o f  y /L = 3 .0 .  Three d a t a  ru n s  t o t a l i n g  
600 ,000  o r i g i n a l  e m is s io n s  were"'made w i th  SOL = 1 1 .0 .  The r e s u l t s  o f  
t h i s  d a t a  s u b s t a n t i a t e d  B obco 's  r e s u l t s  by e x h i b i t i n g  l i t t l e  o r  no d i f ­
f e r e n c e  i n  d i r e c t i o n a l  e m i t t a n c e  a t  y /L  = 3 . 0 .
Two problem s were n o te d  as  a r e s u l t  o f  th e  ru n s  w i th  SOL = 1 1 .0 .  
F i r s t ,  too many l o s s e s  were o c c u r r i n g  o u t s i d e  th e  c o u n t in g  r e g io n ,  and 
se cond , the  l o s s e s  o u t . t h e  edge were v e ry  s m a l l .  To i n c r e a s e  th e  number 
o f  e s c a p e s  from th e  edge and to  i n c r e a s e  the  c o u n ta b le  e s c a p e s / t o t a l  
e m is s io n  r a t i o ,  th e  g e n e r a t i n g  l e n g th  was reduced  to  8 . 0 .  The c o l l e c t i n g  
a r e a  was reduced - 'fo  3 .2  f o r  a l l  ru n s  e x c e p t  o n e ,  which was 3 .6 .  Table  
5 -1  i s  a summary o f  th e  t e s t s  and r e s u l t s .  The normal e m i t t a n c e  f o r  the  
p la n e  and edge i s  shown i n  F ig u re  5 -1 .  T h r e e -d im e n s io n a l  d i r e c t i o n a l  
e m i t t a n c e  c u rv e s  f o r  v a r io u s  l o c a t i o n s  from the  edge a r e  p l o t t e d  in  
F ig u re s  5 -2  to  5 -5 .  Edge d i r e c t i o n a l  e m i t t a n c e  c u rv e s  a r e  shown in  
F ig u re s  5-6 and 5 -7 .
T = 1 .0 ,  g = 0 .1
The d a ta  c o l l e c t e d  f o r  t h e s e  o p t i c a l  c o n d i t i o n s  was o b ta in e d  w i th  
two d i f f e r e n t  o p t i c a l  l e n g t h s ,  SOL = 7 .0  and 5 .0 .  S in c e  an e n e rg y  b u n d le  
i s  much l e s s  l i k e l y  to  t r a v e l  a s  f a r  i n  t h i s  h i g h ly  a b s o r b in g  medium, 
t h i s  a l lo w e d  th e  g e n e r a t i n g  l e n g th  to  be reduced  from 8 .0  to  7 .0 .  The 
s m a l l e r  g e n e r a t i n g  l e n g t h  was used  to  o b t a i n  edge d a t a  and more e sc a p e s  
n e a r  th e  c o r n e r .  T ab le  5 -2  summarizes the  t e s t s  and r e s u l t s  f o r  a l l  th e  
r u n s .  The norm al e m i t t a n c e  f o r  th e  p la n e  and edge i s  shown i n  F ig u re  
5 -1 .  The d i r e c t i o n a l  e m i t t a n c e  o f  th e  p la n e  a t  f o u r  l o c a t i o n s  i s  shown 
i n  F ig u re s  5-8  to 5 - 1 1 .  Edge e m i t t a n c e s  a r e  shown i n  F ig u re s  5-12 and 
5 -13 .
TABLE 5-1
SUMMARY OF TESTS AND RESULTS FOR T = 1 ,0 ,  a  = 0 .9
G e n e ra t in g
L e n g th ,
SOL
No. o f  
E m iss io n s
No. o f  
S c a t t e r i n g s
No. o f  
A b s o rp t io n s
No. Edge 
E scapes
No. P la n e  
E scapes
C o l l e c t i o n
L eng th
1 1 . 0 150,000 179,891 20,244 4 ,179 43 ,433 0 to  4 .0
1 1 . 0 150 ,000 180,607 20,157 4 ,227 4 3 ,268 0 to  4 .0
1 1 . 0 300 ,000 359,744 4 0 ,286 8 ,198 8 6 ,709 0 to  4 .0
8 . 0 300 ,000 346 ,923 38,747 11,395 106,839 0 to  3 .6
8 . 0 1 0 0 , 0 0 0 116 ,115 12,864 3 ,813 3 1 ,460 0 to  3 .2
8 . 0 300 ,000 346 ,718 38 ,609 11,354 9 3 ,838 0 to  3 .2
8 . 0 300 ,000 346 ,684 38 ,208 11,776 9 3 ,464 0 to  3 .2
1
TABLE 5-2
SUMMARY OF TESTS AND RESULTS FOR t = 1 . 0 , 0  = 0 . 1
G e n e ra t in g No. o f No. o f No. o f No. Edge No. P la n e C o l l e c t i o n
L ength , E m iss ions S c a t t e r i n g s A b s o rp t io n s E scapes E scapes Leng th
SOL
7 .0 600,000 3 8 ,083 341 ,604 14,841 108 ,354 0 to  3 .2
7 .0 600,000 37 ,356 341 ,330 14,699 108,419 0 to  3 .2
7 .0 600 ,000 37 ,793 341 ,568 14,685 107 ,944 0 to  3 .2
7 .0 600 ,000 37 ,497 341,988 14 ,602 108,213 0 to  3 .2
7 .0 600 ,000 38 ,100 340 ,887 14,740 108,827 0 to  3 .2
5 .0 600 ,000 37 ,721 338,039 20,767 52 ,203 0  to  1 . 2




T = 3 .0 ,  o = 0 .9  
The 'computer tim e r e q u i r e d  to converge  to a s o l u t i o n  i n c r e a s e s
w i th  an i n c r e a s e  in  o p t i c a l  d e p th .  C o n se q u e n tly ,  to  u se  the  same c o l l e c ­
t i o n  a r e a  used f o r  t  = 1 . 0  would a lm o s t  doub le  the  com puter tim e r e q u i r e d .  
The s a v in g  f e a t u r e  i s  the  f a c t  t h a t  B obco 's  r e s u l t s  showed th e  medium to 
have l i t t l e  o r  no d i r e c t i o n a l  c h a r a c t e r i s t i c s  a t  a d im e n s io n le s s  d i s t a n c e  
o f  y /L  = 1 .5  from the  e d g e .  I f  th e  Monte C a r lo  program  c o u ld  s u b s t a n t i a t e  
t h i s  r e s u l t ,  th e  c o l l e c t i o n  a r e a  c o u ld  be reduced  to  1 . 6 , th u s  a l lo w in g  a 
f u r t h e r  r e d u c t i o n  in  the  g e n e r a t i n g  l e n g t h .  The f i r s t  ru n s  were made w i th  
SOL = 2 .6 ,  a p p ro x im a te ly  o n e - t h i r d  o f  the  l e n g th  f o r  t  = 1 .0 ,  and the  
r e s u l t s  ag re e d  v e ry  w e l l  w i th  B obco 's  d a t a  f o r  y/L  = 1 .5  as  the  e m i t ta n c e  
showed l i t t l e  d i r e c t i o n a l i t y .  The g e n e r a t i n g  l e n g th  o f  SOL = 2 . 6  was k e p t  
f o r  m ost o f  the  r u n s .  A d d i t io n a l  ru n s  were made to  o b t a i n  more edge 
e sc a p e s  and d a t a  n e a r  the  c o r n e r  by r e d u c in g  the  g e n e r a t i n g  l e n g th  to  
1 .8 .  These r e s u l t s  a r e  t a b u l a t e d  in  Table  5 -3 .  The norm al e m i t ta n c e  f o r  
th e  edge and p la n e  i s  shown in  F ig u re  5 -1 .  D i r e c t i o n a l  e m i t t a n c e  f o r  the  
p la n e  a t  t h r e e  l o c a t i o n s  i s  shown i n  F ig u re s  5-14 to  5 -1 6 .  Edge e m i t ­
ta n c e  i s  shown i n  F ig u re s  5 -17  and 5 -1 8 .
T = 3 .0 ,  a  = 0 .1
This " s t r o n g l y " - a b s o r b i n g  medium w i th  a h ig h  o p t i c a l  d e p th  r e q u i r e d
a much g r e a t e r  number o f  e m is s io n s  to  a c h ie v e  th e  same t o t a l  number o f
e s c a p e s .  The mean f r e e  p a th  i s  s m a l l ,  and the  h i s t o r y  u s u a l l y  te r m in a te d  
w i th  an a b s o r p t i o n .  Most o f  th e  d a t a  was o b ta in e d  w i th  a g e n e r a t i n g  
l e n g th  o f  2 .6  and a c o l l e c t i o n  l e n g th  o f  1 .6 .  There was a b ig g e r  d i s a ­
greem en t w i th  B obco 's  r e s u l t s  f o r  t h i s  c a s e ,  p a r t i c u l a r l y  f o r  the  edge.
TABLE 5-3
SUMMARY OF TESTS AND RESULTS FOR T = 3 .0 ,  a  == 0 .9
G e n e ra t in g No. o f No. o f No. o f No. Edge No. P la n e C o l l e c t i o n
L e n g th , E m iss ions S c a t t e r i n g s A b s o rp t io n s E scapes E scapes Length
SOL
2 . 6 250,000 697,740 77,387 20,502 84 ,3 7 2 0  to  1 . 6
2 , 6 250,000 694,893 77,587 20,311 84 ,058 0  to  1 . 6
2 . 6 250,000 698,398 77 ,188 20,650 84 ,148 0  to  1 . 6
2 . 6 250,000 693,957 77 ,165 20,553 84 ,554 0  to  1 . 6
1 . 8 300,000 815 ,050 90 ,467 35 ,430 44 ,4 5 4 0  to  0 . 6
1 . 8 150,000 405 ,906 45 ,174 17,882 22,181 0 to  0 . 6
TABLE 5-4
SUMMARY OF TESTS AND RESULTS FOR T = 3 .0 ,  a  = 0 . 1
G e n e ra t in g No. o f No. o f No. o f No. Edge No. P la n e C o l l e c t i o n
L eng th , E m iss ions S c a t t e r i n g s A b s o rp t io n s E scapes Escapes L eng th
SOL
2 . 6 500,000 43 ,6 9 4 397,950 14,564 51,889 0  to  1 . 6
2 . 6 750,000 66,253 597,153 21,993 78 ,062 0  to  1 . 6
2 . 6 750,000 66 ,157 597 ,142 22,088 78 ,030 0  to  1 . 6
2 . 6 750,000 66 ,529 597,302 22,029 78 ,061 0  to  1 . 6
2 . 6 750,000 66 ,341 597,391 21,934 78 ,140 0  to  1 . 6
1 . 6 1 , 0 0 0 , 0 0 0 86 ,191 779,487 47 ,901 58 ,949 0  to  0 . 6
1 . 6 1 , 0 0 0 , 0 0 0 86 ,796 779,699 48 ,006 58 ,908 0  to  0 . 6
1 . 0 1 , 0 0 0 , 0 0 0 83 ,6 5 2 757,359 76 ,153 26,464 0  to  0 . 2
4>
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and two a d d i t i o n a l  g e n e r a t i n g  l e n g t h s ,  SOL = 1 .6  and 1 .0 ,  were  run  i n  an 
a t t e m p t  to  r e s o l v e  t h e  d i f f e r e n c e s .  I f  the v a l u e  o f  the  e m i t t a n c e  t u rn e d  
o u t  to be r e l a t e d  i n  any way to  the  g e n e r a t i n g  a r e a s ,  i t  sh o u ld  a p p e a r  
i n  t h e s e  t e s t s .  The number o f  edge e s c a p e s  was a p p r o x i m a t e l y  the  same 
f o r  a l l  t h r e e  SOL's ,  so t h a t  t h e  convergence  would be a p p r o x i m a t e l y  e q u a l .  
As e x p e c t e d ,  t h e r e  was no dependence  on g e n e r a t i n g  l e n g t h .  A summary o f  
a l l  the  t e s t s  r u n  i s  shown i n  Table  5 - 4 .  The normal  e m i t t a n c e  o f  the 
p l a n e  and edge i s  shown i n  F i g u r e  5 -1 .  D i r e c t i o n a l  e m i t t a n c e  o f  t h e  
p l a n e  a t  t h r e e  l o c a t i o n s  i s  shown i n  F i g u r e s  5 -19  to  5 -2 1 .  Edge e m i t t a n c e  
a t  two l o c a t i o n s  i s  shown i n  F i g u r e s  5-22 and 5 -23 .
On a l l  c u r v e s  where a p p l i c a b l e ,  Bobco 's  a n a l y t i c a l  s o l u t i o n s  a r e  
p l o t t e d .  His d a t a  was o b t a i n e d  o n l y  f o r  two o r t h o g o n a l  "v iew"  p l a n e s ,  
and t h i s  i s  t h e  r e a s o n  why i t  i s  shown on o n l y  two o f  the  f o u r  a z im u th a l  
d i r e c t i o n s .
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Ref. (2 )  Solution  
Monte Carlo Solution
r = 3
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NORMAL EMITTANCE FOR EDGE AND PLANE
Optical depth T=I.O Scattering/Extinction (T=0.9













I FIGURE 5 - 2
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T=I.O Scattering/Ext inction O’= 0 . 9















FIGURE 5 — 3
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 1.0 Scattering/Extinction <r= 0 . 9
Dimensionless dis tance from edge y / L  =1.0
"R ef. (2) Solution 
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FIGURE 5 - 4
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T=|.Q Scattering/Extinction cr= 0 .9
Dimensionless distance from edge y / L  = 3 .0
Edge
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FIGURE 5 -5  
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 1.0 Scat tering/Ext inct ion or=o.9
Dimensionless distance from bottom su rface  z / L  = 0 . 2 2
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DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth T= 1.0 Scatte ring/Extinct ion c r= 0 .9
Dimensionless distance from bottom surface  z / L =  0 . 5
—  Ref. (2) Solution
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FIGURE 5 - 7
DIRECTIONAL EMITTANCE OF EDGE SURFACE
uiN5
Optical depth T=I.O Scattering/Ext inction o ’=0 . l
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FIGURE 5 - 8
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 1.0 Scattering/Extinction c r= o . l
Dimensionless distance from edge y / L  = 0 . 5
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FIGURE 5 -9
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= l ,0  Scattering/Ext inction (T=O.I
Dimensionless distance from edge y / L  =1.0
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DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 1.0 Scattering/Extinction <t = o .I















DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 1.0 Scattering/Ext inction <3^=0.1
Dimensionless distance from bottom surface  z / L  = 0 . 2 2










DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth T= 1.0 Scatte ring/Extinction  <7=0.1
Dimensionless distance from bottom surface  z / L =  0 . 5
Edge_______
z/L C C ^ - 4  '80°
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FIGURE 5 -1 3
DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth 7 = 3 . 0  Scat tering/Ext inction O"=0.9
Dimensionless distance from edge y / L  =0.1
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FIGURE 5-14
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T = 3 . 0  Scatter ing/Extinct ion 0"= 0 . 9
Dimensionless distance from edge y / L  = 0.5
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DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 3 .0  Scat tering/Ext inction c r = 0 . 9
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FIGURE 5-16
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T = 3 . 0  Scat tering/Ext inct ion a = Q  g











FIGURE 5 -1 7
DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth T = 3 . 0  Scattering/Ext inct ion c r= 0 .9
Dimensionless distance from bottom su rface  z /  L = 0 .5
Edge________















DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth T = 3 .0  Scatter ing/Extinct ion cr=o.l
Dimensionless distance from edge y / L  = O.I
Edge
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FIGURE 5-19
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T = 3 . 0  Scattering/Ext inction 0"=0.l
Dimensionless distance from edge y / L  = 0 . 5
Edge
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FIGURE 5 -2 0
DIRECTIONAL EMITTANCE OF PLANE SURFACE
Optical depth T= 3 . 0  Scattering/Ext inction O"=0.l
Dimensionless distance from edge y / L  =1.5
0 )
—  Ref. (2) Solution
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DIRECTIONAL EMITTANCE OF PLANE SURFACE
ON
ON
Optical depth T = 3 . 0  Scatte ring/Extinction  <^=0.1
Dimensionless distance from bottom su rface  z / L =  0 . 2 2
' Edge
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FIGURE 5 - 2 2
DIRECTIONAL EMITTANCE OF EDGE SURFACE
Optical depth T = 3 .0  Scattering/Ext inct ion (%=0.|
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FIGURE 5 -2 3
DIRECTIONAL EMITTANCE OF EDGE SURFACE
CHAPTER VI 
ONE-DIMENSIONAL COATING RESULTS
There a r e  t h r e e  p a r a m e t e r s  which a f f e c t  t h e  d i r e c t i o n a l  e m i t t a n c e  
o f  a c o a t i n g ;  the  r e f r a c t i v e  index ,  the  o p t i c a l  d e p t h ,  and th e  a b s o r p t i o n  
c o e f f i c i e n t .  The pu rpose  o f  t h i s  c h a p t e r  i s  to show the  v a r i a t i o n  o f  the  
d i r e c t i o n a l  e m i t t a n c e  as  each  o f  the  above t h r e e  p a r a m e t e r s  i s  v a r i e d .  
Table  6-1 summarizes  the  t e s t s  run  and r e f e r e n c e s  t h e  a p p l i c a b l e  f i g u r e  
where the  r e s u l t s  a r e  shown.
A l l  r e s u l t s  were o b t a i n e d  u s in g  the  geomet ry  o f  F i g u r e  3 -6 .
SOL v a r i e d  from 12 to  48 depend ing  on th e  o p t i c a l  p r o p e r t i e s  o f  the  
medium, and D i s  e q u a l  to  SOL/4. D r e p r e s e n t s  an o p t i c a l  d i s t a n c e  o f  
a p p r o x i m a t e l y  “  to  s i m u l a t e  an i n f i n i t e  medium. The d a t a  i s  o b t a i n e d  i n  
terms o f  the  s c a t t e r i n g / e x t i n c t i o n  c o e f f i c i e n t ,  a ,  r e f r a c t i v e  i n d ex  o r  
o p t i c a l  d e p t h .
The v a r i a t i o n  o f  d i r e c t i o n a l  e m i t t a n c e  w i t h  change i n  o p t i c a l  
d e p th  i s  shown i n  F i g u r e  6-1 f o r  f o u r  d i f f e r e n t  o p t i c a l  d e p t h s .  The 
r e f r a c t i v e  i n d ex  and s c a t t e r i n g / e x t i n c t i o n  r a t i o  were c o n s t a n t  a t  1 .4  
and 0 . 9 9 ,  r e s p e c t i v e l y ,  f o r  a l l  r u n s .  The e x t i n c t i o n  c o e f f i c i e n t  i s  
e q u a l  to 200/cm (making the  a b s o r p t i o n  c o e f f i c i e n t  2 . 0 / c m ) ,  c o n s i s t e n t  
w i t h  the  m a t e r i a l  r e s u l t ' s  shown i n  Appendix A. The f o u r  o p t i c a l  d e p th s  
t hus  c o r r e s p o n d  to  c o a t i n g  t h i c k n e s s e s  o f  0 .0 0 2  i n . ,  0 .004  i n . ,  0 . 0 0 6  i n . ,  




SUMMARY OF TESTS FOR ONE-DIMENSIONAL COATING
O p t i c a l
Depth
S c a t t e r i n g
E x t i n c t i o n
R e f r a c t i v e
Index
F i g u r e
Number
SOL D
1.0 0 .99 1 .4 6-1 4 8 .0 12 .0
2 .0 0 .99 1 .4 6-1 4 8 .0 12 .0
3 .0 0 .99 1.4 6 - 1 , 6 - 3 16 .0 4 . 0
5 .0 0 .9 9 1.4 6 - 1 , 6 - 5 12.0 3 .0
1 .0 0 .95 1.4 6-2 4 8 .0 12.0
2 .0 0 .9 5 1 .4 6-2 4 8 .0 12 .0
3 .0 0 .9 5 1.4 6 - 2 , 6 - 4 16 .0 4 . 0
5 . 0 0 .9 5 1 .4 6 - 2 , 6 - 6 12 .0 3 .0
3 .0 0 .9 9 1.4 6 - 1 , 6 - 3 16.0 4 . 0
3 .0 0 .99 1.6 6-3 16.0 4 . 0
3 .0 0 .99 1.8 6-3 16 .0 4 . 0
3 .0 0 .95 1.4 6 - 2 , 6 - 4 16 .0 4 . 0
3 .0 0 .9 5 1 .6 6-4 16 .0 4 . 0
3 .0 0 .95 1 .8 6-4 16.0 4 . 0
5 .0 0 .99 1 .4 6 - 1 , 6 - 5 12 .0 3 .0
5 .0 0 .99 1 .6 6-5 12.0 3 . 0
5 .0 0 .99 1.8 6-5 12.0 3 . 0
5 .0 0 .95 1.4 6 - 2 , 6 - 6 12.0 3 .0
5 .0 0 .9 5 1 .6 6-6 12.0 3 . 0







T = 5 .0
90°
0.02 0.06 0.10 0.14 0.18
Refractive index n = l . 4  
Scattering /Extinction  = 0 .9 9
FIGURE 6-1 
DIRECTIONAL EMITTANCE OF INFINITE 
COATING FOR VARIOUS OPTICAL DEPTHS
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TABLE 6-2 




o f  e m i s s io n s  = 
o f  a b s o r p t i o n s
15,000 No. o f  s c a t t e r i n g s  = 69,951 
= 671 No. l o s t  o u t s i d e  c o l l e c t i o n a r e a = 7231
No. e s c a p e s  i n  each 







4 5 6 
367 474 532
7 8 9 10 11 12 13 14 










e m is s io n s  = 
a b s o r p t i o n s
15,000 No. o f  s c a t t e r i n g s  = 111,648 
= 1168 No. l o s t  o u t s i d e  c o l l e c t i o n a r e a = 6936
No. e s c a p e s  i n  each 







4 5 6 
340 369 525
7 8 9 10 11 12 13 14 










e m i s s io n s  = 
a b s o r p t i o n s
20,000 No. o f  s c a t t e r i n g s  = 204,786 
= 2083 No. l o s t  o u t s i d e  c o l l e c t i o n a r e a = 9055
No. e s c a p e s  i n  each 







4 5 6 
409 524 616
7 8 9 10 11 12 13 14 








o f  e m is s io n s  = 
o f  a b s o r p t i o n s
17,500 No. o f  s c a t t e r i n g s  = 294,363 
= 2940 No. l o s t  o u t s i d e  c o l l e c t i o n a r e a = 7319
No. e s c a p e s  i n  each  
p o l a r  a n g le  inc rem en t
1
21
2 3 4 5 6 7 8 9 10 11 12 13 14 
91 202 287 459 483 536 652 678 664 644 605 518 486
15 16 17 
406 276 233
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The d i r e c t i o n a l  e m i t t a n c e  c u rv e s  i n c r e a s e  w i th  i n c r e a s i n g  o p t i c a l  de p th  
and have a p p r o x i m a t e ly  the  same shape .
F ig u re  6-2 i s  a l s o  a p l o t  o f  the  change i n  d i r e c t i o n a l  e m i t t a n c e  
w i t h  changes i n  o p t i c a l  d e p th .  The p a ra m e t e r s  a r e  the  same as  f o r  F ig u re  
6 - 1 ,  e x c e p t  the  s c a t t e r i n g / e x t i n c t i o n  r a t i o  i s  0 . 9 5 .  Table  6-3 l i s t s  the  
d a t a  f o r  the  f o u r  d i f f e r e n t  o p t i c a l  d e p t h s .  The c u rv e s  a r e  e s s e n t i a l l y  
the  same shape and i n c r e a s e  w i t h  i n c r e a s i n g  o p t i c a l  d e p th .
The e f f e c t  o f  the  c o a t i n g  r e f r a c t i v e  i n d ex  on the  d i r e c t i o n a l  
e m i t t a n c e  i s  shown in  F i g u re  6-3 f o r  t h r e e  indexe s  o f  r e f r a c t i o n ,  n = 1 .4 ,  
1 . 6 ,  and 1 . 8 .  Th is  r an g e  o f  1 .4  to 1 .8  i s  r e p r e s e n t a t i v e  o f  the  t o t a l  
s p r e a d  in  r e f r a c t i v e  index  f o r  most  ce ramic  c o a t i n g  m a t e r i a l s .  C o n t r a r y  
to  the r e s u l t s  f o r  the  i n f i n i t e  a b s o r b i n g  medium o f  Appendix B, an i n c r e a s e  
i n  the index  o f  r e f r a c t i o n  i s  found to i n c r e a s e  t h e  d i r e c t i o n a l  e m i t t a n c e  
f o r  the  " s t r o n g l y " - s c a t t e r i n g  medium. The o p t i c a l  d e p th  i s  3 . 0 ,  and the  
s c a t t e r i n g / e x t i n c t i o n  r a t i o  i s  0 . 9 9 .  Table  6-4 l i s t s  the  d a t a  used  i n  
o b t a i n i n g  the  c u r v e s .
F i g u r e  6 -4  shows the  change i n  d i r e c t i o n a l  e m i t t a n c e  w i t h  r e f r a c ­
t i v e  index  changes  f o r  a  lower s c a t t e r i n g / e x t i n c t i o n  r a t i o ,  0 . 9 5 .  The 
same cu rve  c h a r a c t e r i s t i c s  a r e  a g a i n  o b s e r v e d .  Table  6-5 summarizes  the  
d a t a  f o r  F i g u r e  6 - 4 .
The o p t i c a l  d e p th s  and s c a t t e r i n g / e x t i n c t i o n  r a t i o s  run f o r  the  
t w o -d im e ns iona l  c o a t i n g  t e s t s  d i s c u s s e d  i n  Cha p te r  VII  were T = 3 .0  and 
5 . 0  and a  = 0 . 9 5  and 0 .9 9 .  To g a i n  some i n s i g h t  i n t o  the  b e h a v io r  o f  the  
e m i t t a n c e  w i t h  the  h i g h e r  o p t i c a l  d e p t h ,  a d d i t i o n a l  d a t a  was o b t a i n e d  f o r  
t h e  same t h r e e  in d e x e s  o f  r e f r a c t i o n  n = 1 . 4 ,  1 . 6 ,  and 1 . 8 .  These r e s u l t s  
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Refractive index n = 1.4 
Scattering/Extinction = 0 .9 5
FIGURE 6-2  
DIRECTIONAL EMITTANCE OF INFINITE 
COATING FOR VARIOUS OPTICAL DEPTHS
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TABLE 6-3 
RESULTS FOR a  = 0 .9 5 ,  n = 1 .4
T = 1 . 0
No. o f  e m is s io n s  = 
No. o f  a b s o r p t io n s
25 ,000  
= 5055
No. o f  s c a t t e r i n g s  = 92 ,933
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 10,135
No. e s c a p e s  i n  each  
p o l a r  a n g le  in c rem en t
1
16
2 3 4 
161 307 504
5 6 7 
604 737 788
8 9 10 11 12 
904 867 878 823 747
13 14 15 16 
729 586 488 378
17
293
T = 2 .0
No. o f  
No. o f
e m is s io n s  = 
a b s o r p t io n s
20 ,000  
= 5756
No, o f  s c a t t e r i n g s  = 110,153
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 7161
No. e s c a p e s  i n  each 
p o l a r  a n g le  in c re m e n t
1
23
2 3 4 
91 226 298
5 6 7 
414 493 563
8 9 10 11 12 
626 603 667 638 607
13 14 15 16 
537 453 365 267
17
212
T = 3 .0
No. o f  
No. o f
e m is s io n s  = 
a b s o r p t io n s
35 ,000  
= 12 ,776
No. o f  s c a t t e r i n g s  = 241,793
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 6522
No. e s c a p e s  in  each 
p o l a r  a n g le  in c rem en t
1
31
2 3 4 
159 331 498
5 6 7 
658 767 898
8 9 10 11 12 
965 963 983 956 854
13 14 15 16 
798 691 551 405
17
324
T = 5 .0
No. o f  e m is s io n s  = 
No. o f  a b s o r p t io n s
30 ,000  
= 15,108
No. o f  s c a t t e r i n g s  = 286,331
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 7748
No. 
p o l a r
e s c a p e s  in  each 
a n g le  in c rem en t
1
16
2 3 4 
80 233 304
5 6 7 
417 471 589
8 9 10 11 12 
591 633 708 654 647
13 14 15 16 











0.02 0.06 0.10 0.14 0.18
Optical depth T = 3 .0  
S cattering /E xtin ction  c r= o .9 9
FIGURE 6-3
VARIATION OF DIRECTIONAL EMITTANCE WITH CHANGE
IN REFRACTIVE INDEX- INFINITE COATING
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TABLE 6-4
RESULTS FOR t = 3.0, a = 0.99
n = 1 .4  
(See Tab le  6-2)
No. o f  e m is s io n s  = 15,000 
No. o f  a b s o r p t io n s  = 2031
n = 1 .6
No. o f  s c a t t e r i n g s  = 199,682
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 6587
No. e s c a p e s  in  each  
p o l a r  a n g le  in c rem en t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
15 69 158 294 373 429 543 570 586 576 621 521 462 421 303 241 200
No. o f  e m is s io n s  = 20 ,000  
No. o f  a b s o r p t io n s  = 3329
n = 1.8
No. o f  s c a t t e r i n g s  = 338,198
No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 8395
No. e s c a p e s  in  each 
p o l a r  a n g le  in c re m e n t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
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FIGURE 6 -4
VARIATION OF DIRECTIONAL EMITTANCE WITH CHANGE
IN REFRACTIVE IN D EX- INFINITE COATING
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TABLE 6-5  
RESULTS FOR T = 3 . 0 ,  ct = 0 .9 5
n = 1 .4  
(See Table  6 -3 )
n = 1 .6
No. o f  e m is s io n s  = 35 ,000  No. o f  s c a t t e r i n g s  = 291,641
No. o f  a b s o r p t io n s  = 15 ,384  No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 10 ,208
No. e s c a p e s  in  each
p o l a r  a n g le  in c re m e n t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
24 109 244 394 528 692 730 818 861 833 826 769 755 650 492 358 325
n = 1 .8
No. o f  e m is s io n s  = 35 ,000  No. o f  s c a t t e r i n g s  = 331 ,692
No. o f  a b s o r p t io n s  = 1 7 ,4 2 1  No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 9284
No. e s c a p e s  i n  each
p o l a r  a n g le  in c re m e n t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17










Optical depth T =  5 .0  
Scattering/Extinction c r = 0 .9 9
FIGURE 6 -5
VARIATION OF DIRECTIONAL EMITTANCE WITH CHANGE









Optical depth T = 5 ,0  
Scattering/Extinction c  = 0 .9 5
FIGURE 6 -6
VARIATION OF DIRECTIONAL EMITTANCE WITH CHANGE
IN REFRACTIVE INDEX-INFINITE COATING
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F ig u re  6-5  i s  f o r  s c a t t e r i n g / e x t i n c t i o n  r a t i o  o f  0 .9 9  and an 
o p t i c a l  d e p th  o f  5 .0 .  Table  6-6 c o n ta in s  the  d a ta  fo r  t h e s e  r u n s .
F ig u re  6-6  i s  f o r  an o p t i c a l  dep th  o f  5 .0  and a s c a t t e r i n g  
e x t i n c t i o n  r a t i o  o f  0 .9 5 .  I t  i s  seen  in  F ig u re  6-6 t h a t  th e  i n c r e a s e  in  
in d ex  o f  r e f r a c t i o n  from 1 .6  to  1 .8  e f f e c t s  o n ly  a sm a ll  i n c r e a s e  in  the
v a lu e  o f  th e  d i r e c t i o n a l  e m i t t a n c e .  The h ig h e r  index  o f  r e f r a c t i o n  c a u se s
more e n e rg y  to  be r e f l e c t e d ,  and t h i s  f a c t ,  combined w i th  th e  g r e a t e r  
number o f  a b s o r p t io n s  i n  th e  h i g h e r  o p t i c a l  t h i c k n e s s  medium, l i m i t s  the  
v a lu e  o f  the  e m i t t a n c e .  A f u r t h e r  i n c r e a s e  in  the  index  o f  r e f r a c t i o n
would e v e n t u a l l y  l e a d  to  a l i m i t i n g  maximum v a lu e  o f  th e  d i r e c t i o n a l
e m i t t a n c e .  Table  6-7 l i s t s  the  d a t a  f o r  F ig u re  6 -6 .
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TABLE 6-6
RESULTS FORT = 5.0, a = 0.99
n = 1 .4
(See Tab le  6 -2 )
n = 1 .6
No. 0 £ 
No. o f
é m is s io n s  = 17,000 No. o f  s c a t t e r i n g s  = 366,433 
a b s o r p t io n s  = 3645 No. l o s t  o u t s i d e  c o l l e c t i o n a r e a = 7053
No, e s c a p e s  i n  each  
p o l a r  a n g le  in c re m e n t
1
13
2 3 4 5 6 7 8 9 10 11 12 13 







n = 1 .8
No. o f  
No. o f
e m is s io n s  = 12 ,500  No. o f  s c a t t e r i n g s  = 307,469 
a b s o r p t io n s  = 3166 No. l o s t  o u t s i d e  c o l l e c t i o n a re a = 4729
No. e s c a p e s  i n  each  
p o l a r  a n g le  in c re m e n t
1
10
2 3 4 5 6 7 8 9 10 11 12 13 









RESULTS FOR T = 5.0, ct = 0.95
n = 1 .4  
(See Table  6 -3 )
n = 1, 6
No. o f  e m is s io n s  = 30 ,000  No. o f  s c a t t e r i n g s  = 323 ,476
No. o f  a b s o r p t io n s  = 16,933 No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 6850
No. e sc a p e s  i n  each  
p o l a r  a n g le  in c re m e n t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
14 73 156 259 321 412 541 519 546 615 561 516 489 436 328 247 184
n = 1 .8
No. o f  e m is s io n s  = 30 ,000  No. o f  s c a t t e r i n g s  = 350,513
No. o f  a b s o r p t i o n s  = 18,595 No. l o s t  o u t s i d e  c o l l e c t i o n  a r e a  = 6283
No. e s c a p e s  i n  each  
p o l a r  a n g le  in c re m e n t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
16 65 129 240 310 320 403 453 525 470 469 440 385 329 264 165 139
CHAPTER VII 
TWO-DIMENSIONAL COATING RESULTS
The d i r e c t i o n a l  e m i t t a n c e  r e s u l t s  f o r  th e  tw o -d im e n s io n a l  c o a t i n g  
s tu d y  a r e  o b t a in e d  f o r  two o p t i c a l  d e p th s ,  t  = 3 and 5 , and f o r  two s c a t ­
t e r i n g / e x t i n c t i o n  r a t i o s ,  a  = 0 .9 5  and 0 .9 9 .  The r e f r a c t i v e  in d ex  i s  1 .4  
f o r  a l l  t h e  tw o -d im e n s io n a l  r e s u l t s .  I n  term s o f  p h y s i c a l  d im ens ions  an 
o p t i c a l  d e p th  o f  3 c o r r e s p o n d s  to an e x t i n c t i o n  c o e f f i c i e n t  o f  200/cm and 
a c o a t i n g  t h ic k n e s s  o f  s l i g h t l y  l e s s  th a n  0 .006  i n .  An o p t i c a l  d e p th  o f  
5 c o rre s p o n d s  to  a  c o a t i n g  th ic k n e s s  o f  s l i g h t l y  l e s s  th a n  0 .0 1  in .  f o r  
th e  same e x t i n c t i o n  c o e f f i c i e n t .  The a b s o r p t io n  c o e f f i c i e n t s  w ere 2 .0 /cm  
and 10/cm f o r  th e  s c a t t e r i n g / e x t i n c t i o n  r a t i o s  o f  0 .9 9  and 0 .9 5 ,  r e s p e c ­
t i v e l y .  F ig u re  3 -3  i l l u s t r a t e s  the  geom etry  used in  o b t a i n i n g  r e s u l t s ,  
and Table  7-1 summ arizes th e  fo u r  t e s t s  co n d u c te d .
TABLE 7-1
SUMMARY OF TESTS FOR TWO-DIMENSIONAL COATING
O p t i c a l
C o n d i t io n s
G e n e ra t in g  
L e n g th ,  SOL
C o l l e c t io n  
L en g th ,  P lan e
No. o f  S t r i p s  
P la n e
No. o f  S t r i p s  
Edge
T = 3 ,  CT= 0 . 99 3 . 0 1 .6 8 9
t = 3 ,  0 = 0 . 9 5 3 . 0 1 .6 8 9
T = 5 ,  0 = 0 . 9 9 2 .4 1 .2 * 6* 9
t = 5 ,  0 = 0 . 9 5 2 .4 1 .2 * 6* 9
*  The c o l l e c t i o n  l e n g t h  was 1 .6 ,  b u t  th e  d a ta  was v a l i d  o n ly  th ro u g h  1 .2 .
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Because o f  th e  l a r g e  amount o f  com puter tim e r e q u i r e d  to  com plete  
one s e t  o f  t e s t  c o n d i t i o n s ,  th e  d a t a  was o b ta in e d  by s e v e r a l  s h o r t e r  
r u n s ,  j u s t  a s  f o r  th e  tw o -d im e n s io n a l ,  f re e -b o u n d a r y  s tu d y .  The d a ta  
from each  ru n  was added to  o b t a i n  th e  f i n a l  r e s u l t s .  Each s e t  o f  o p t i c a l  
c o n d i t i o n s  w i l l  be d i s c u s s e d  s e p a r a t e l y ,  i n c l u d in g  th e  r e s u l t s  o f  each  o f  
th e  s e p a r a t e ,  s h o r t e r  r u n s .  F ig u re  7-1 shows the  norm al e m i t t a n c e  o f  bo th  
th e  p la n e  and th e  edge f o r  a l l  f o u r  o p t i c a l  c o n d i t i o n s .
T = 3 .0 ,  g  = 0 .9 9
As n o te d  i n  T ab le  7 -1 ,  th e  c o l l e c t i o n  l e n g t h  i s  1 .6 ,  w hich  a llow ed  
th e  e m i t t a n c e  to  be o b t a in e d  a t  a maximum a v e ra g e d  d i s t a n c e  o f  1 .5  from 
th e  edge . I t  was a n t i c i p a t e d  t h a t  t h i s  d i s t a n c e  would be s u f f i c i e n t  to  
o b t a i n  th e  " i n f i n i t e "  c o n d i t i o n s  f o r  the  c o a t i n g ,  b u t  i t  was n o t .  As 
n o te d  i n  F ig u re  7 -1 ,  th e  norm al e m i t t a n c e  i s  a p p ro x im a te ly  90 p e r  c e n t  o f  
th e  normal e m i t t a n c e  o b ta in e d  from the  o n e -d im e n s io n a l  r e s u l t s  f o r  the  
same o p t i c a l  c o n d i t i o n s .  E x t r a p o l a t i o n  o f  the  norm al e m i t t a n c e  cu rve  to  
th e  o n e -d im e n s io n a l  e m i t t a n c e  v a lu e  i n d i c a t e s  t h a t  a c o l l e c t i o n  l e n g th  
g r e a t e r  th an  2 .0  would have been r e q u i r e d  to  r e a c h  th e  " i n f i n i t e "  e m i t ­
ta n c e  c o n d i t i o n s .  N e v e r th e l e s s ,  s u f f i c i e n t  d a t a  h a s  been  o b ta in e d  to  
a n a ly z e  th e  c o a t i n g  d i r e c t i o n a l  e m i t t a n c e  p r o p e r t i e s .
The m ost s i g n i f i c a n t  (and u n e x p e c te d )  r e s u l t  i s  th e  a z im u th a l  
in d ep en d en ce  e x h i b i t e d  by th e  c o a t i n g  e m i t t a n c e .  Even a t  th e  c l o s e s t  
d i s t a n c e  to  th e  edge , y /L  0 .1 ,  t h e r e  i s  no a z im u th a l  dep en d en ce .  The 
d i r e c t i o n a l  e m i t t a n c e  th u s  becomes a f u n c t i o n  o f  l o c a t i o n  and p o l a r  a n g le  
o n ly .  These e f f e c t s  a r e  shown i n  F ig u re  7-2  f o r  v a r i o u s  d i s t a n c e s  from 
th e  edge .
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Edge e m i t t a n c e  r e s u l t s  a r e  p l o t t e d  in  F ig u re  7 -3 . The edge normal 
e m i t ta n c e  i s  v e ry  f l a t  and does n o t  a p p ro ach  the  maximum v a lu e  o b ta in e d  
f o r  the  p la n e  e m i t t a n c e .  The a z im u th a l  independence  i s  a l s o  o b se rv e d  
f o r  the  edge d i r e c t i o n a l  e m i t t a n c e .  T ab le  7 -2  summarizes th e  r e s u l t s  
f o r  bo th  th e  p la n e  and th e  edge f o r  a l l  r u n s .
TABLE 7-2
SUMMARY OF TESTS AND RESULTS FOR T = 3 ,  a  = 0 .9 9
G e n e ra t in g  L eng th ,  
C o l l e c t i o n  L eng th  =
SOL = 3 .0  
1 .6
No. o f No. o f No. o f No. o f  edge No. o f  p la n e
e m is s io n s a b s o r p t io n s s c a t t e r i n g s e s c a p e s e sc a p e s
50 ,000 4 ,354 434,706 5,319 18,848
70,000 6 ,220 611 ,012 7 ,534 26,319
70,000 6,257 608 ,630 7 ,192 26,677
70 ,000 6,127 607,067 7 ,493 26,623
70 ,000 6,195 611,769 7 ,429 26,458
100,000 8 ,597 867,925 10,557 38 ,000
200,000 17,479 1 ,7 4 6 ,4 1 6 21,191 75,485
T = 3 .0 ,  q  = 0 .9 5  
The r e s u l t s  f o r  t h i s  s e t  o f  o p t i c a l  c o n d i t i o n s  a re  shown in  T ab le  
7 -3 ,  and th e  d i r e c t i o n a l  e m i t ta n c e  c u rv e s  f o r  th e  p la n e  and th e  edge a r e  
shown i n  F ig u re s  7-4  and 7 -5 ,  r e s p e c t i v e l y .  Again i t  was e x p e c te d  t h a t  
a d im e n s io n le s s  d i s t a n c e  o f  1 .5  from th e  edge would produce  the  e m i t t a n c e  
v a lu e s  f o r  " i n f i n i t e "  c o n d i t i o n s ,  b u t  t h e  norm al e m i t ta n c e  a t  1 .5  i s  
s l i g h t l y  below th e  o n e -d im e n s io n a l  v a l u e .  The d i f f e r e n c e  i s  l e s s  th a n  
t h r e e  p e r  c e n t ,  w hich i s  w i t h i n  the  e x p e c te d  a c c u ra c y  o f  th e  r e s u l t s ;  
however, assum ing  t h a t  t h e r e  i s  s t i l l  a l o c a t i o n a l  dependence a t  1 .5 ,  
e x t r a p o l a t i o n  to  th e  o n e -d im e n s io n a l  v a lu e  i n d i c a t e s  a d im e n s io n le s s  
d i s t a n c e  o f  a b o u t  2 .0  i s  r e q u i r e d  to  r e a c h  " i n f i n i t e "  c o n d i t i o n s .
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The edge normal e m i t t a n c e  i s  s l i g h t l y  f l a t t e r  th an  the  p la n e  e m i t ­
t a n c e .  J u s t  as  f o r  the  p la n e  e m i t t a n c e ,  th e  edge e m i t t a n c e  d id  n o t  
e x h i b i t  an a z im u th a l  dependence .
TABLE 7_3
SUMMARY OF TESTS AND RESULTS FOR T = 3 , a  = 0 .9 5
G e n e ra t in g  L en g th ,  SOL = 
C o l l e c t i o n  Length  = 1 .6
3 .0
No. o f No. o f No. o f  No o f  edge No. o f  p la n e
e m is s io n s a b s o r p t io n s s c a t t e r i n g s e s c a p e s e sc a p e s
70,000 22,903 436,173 5 ,646 19,599
75,000 24,474 461,185 6 ,044 21,117
100,000 ' 32 ,718 616,781 8 ,0 9 0 28,123
100,000 32,506 618,521 8 ,1 3 4 28,091
100,000 32,759 615,833 8 ,049 27,993
100,000 32,259 618,457 8 ,069 28,319
250,000 80 ,848 1 ,547 ,747 20 ,484 70,615
T = 5 .0 ,  g  = 0 .9 9  
The d i r e c t i o n a l  e m i t ta n c e  i n c r e a s e d  w i t h  th e  i n c r e a s e d  o p t i c a l  
d e p th ,  as  shown i n  F ig u re s  7-6  and 7 -7 .  Because o f  the  g r e a t e r  o p t i c a l  
d e p th ,  which i n  t u r n  r e s u l t s  i n  s m a l le r  p a r t i c l e  p a th  l e n g t h s ,  the  gen ­
e r a t i n g  a r e a  was red u c e d  from 3 .0  to  2 .4 .  The d a t a  would be v a l i d  up to  
a b o u t  y /L  = 1 .2 ,  b u t  i t  was a n t i c i p a t e d  t h a t  a  d i s t a n c e  o f  y /L  « 1 .0  
would be s u f f i c i e n t  to o b t a i n  th e  " i n f i n i t e "  c o n d i t i o n s .  As shown in  
F ig u re  7 -1 ,  th e  norm al e m i t t a n c e  h a s  re a c h e d  o n ly  a b o u t  90 p e r  c e n t  o f  
th e  o n e -d im e n s io n a l  r e s u l t  a t  y /L  = 1 .1 .  I f  th e  r e s u l t s  a re  e x t r a p o l a t e d  
to  th e  " i n f i n i t e "  v a lu e ,  a d i s t a n c e  o f  ab o u t  y /L  = 2 .0  i s  r e q u i r e d  to 
r e a c h  " i n f i n i t y . "  The edge normal e m i t t a n c e  i s  f l a t t e r  th a n  th e  p la n e  
norm al e m i t t a n c e  and r e a c h e s  a maximum v a lu e  somewhat l e s s  th a n  th e  
maximum o f  th e  p l a n e .  There  i s  no a z im u th a l  dependence  f o r  e i t h e r  the
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edge o r  th e  p l a n e  f o r  t h i s  o p t i c a l  d e p th .  A t o t a l  o f  375,000 e m is s io n s  
was fo l lo w e d  i n  f i v e  s e p a r a t e  ru n s  to o b t a i n  th e  d a t a .  These r e s u l t s  
a r e  summarized i n  T ab le  7 -4 .
TABLE 7-4
SUMMARY OF TESTS AND RESULTS FOR t  = 5, a  = 0 .99
G e n e ra t in g  L e n g th ,  SOL = 2 .4  
C o l l e c t i o n  L e n g th ,  = 1 . 2
No. o f No. o f No. o f No. o f  edge No. o f  p la n e
e m is s io n s a b s o r p t io n s s c a t t e r i n g s e s c a p e s e s c a p e s *
6 0 ,000 7 ,838 782,602 6 ,705 26,015
60 ,000 7,914 779,931 6 ,848 26 ,032
60 ,000 8 ,042 782,682 6 ,680 26,123
7 5 ,000 9,784 980,105 8 ,494 32,748
120 ,000 15,686 1 ,5 4 5 ,2 4 8 13 ,715 51 ,947
*  I n c lu d e s  e s c a p e s  to  y /L  = 1 .6
T = 5 .0 ,  o  = 0 .9 5  
Th is  was th e  o n ly  one o f  th e  fo u r  tw o -d im e n s io n a l  c o a t in g s  ana­
ly z e d  w hich  r e a c h e d  th e  " i n f i n i t e "  c o n d i t i o n s  w i t h i n  t h e  c o l l e c t i o n  a r e a .  
The norm al e m i t t a n c e  o f  th e  p la n e  c o n v e rg e s  e x a c t l y  to  the  v a lu e  o b ta in e d  
from th e  o n e -d im e n s io n a l  c o a t i n g  s tu d y ,  as  shown i n  F ig u re  7 -1 .  The edge 
and p la n e  d i r e c t i o n a l  e m i t t a n c e s  a r e  shown i n  F ig u re s  7-8 and 7 -9 ,  r e ­
s p e c t i v e l y .  J u s t  as  o b se rv e d  p r e v i o u s l y ,  t h e r e  i s  no dependence on th e  
a z im u th a l  d i r e c t i o n .  Both the  edge and th e  p la n e  norm al e m i t t a n c e s  
depend s t r o n g l y  on l o c a t i o n .  The d a t a  was c o l l e c t e d  i n  a t o t a l  o f  s i x  
ru n s  f o l l o w in g  655 ,000  h i s t o r i e s  a s  shown i n  T ab le  7 -5 .
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TABLE 7-5
s u m m a r y  o f  t e s t s  a n d  r e s u l t s  f o r  t  =  5 ,  a = 0 . 9 5
G e n e r a t in g  L e n g th ,  SOL = 
C o l l e c t i o n  L ength  = 1 . 2
2 .4
No. o f No. o f No. o f  No. o f  edge No. o f  p la n e
e m is s io n s a b s o r p t io n s s c a t t e r i n g s e s c a p e s e s c a p e s *
60,000 25,389 484 ,874 4 ,6 6 0 16,763
75 ,000 31,887 603,601 5 ,745 20,967
80 ,000 33 ,689 647 ,122 6 ,106 22,688
8 0 ,000 33 ,971 649,373 6 ,176 22,358
160,000 67 ,978 1 ,2 9 3 ,7 5 0 12,309 44 ,949
200,000 84 ,657 1 ,6 1 2 ,5 6 0 15 ,403 55,878
* I n c lu d e s  e s c a p e s  to  y /L  = 1 .6
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CHAPTER V II I  
DISCUSSION OF RESULTS
Tw o-D im ensional,  F ree-B oundary  S o lu t io n s
The tw o -d im e n s io n a l  f r e e -b o u n d a ry  p rob lem  p roduced  some v a r i e d  
d i r e c t i o n a l  e m i t t a n c e  r e s u l t s .  They may be summarized as fo l lo w s :
(1) The e m i t t a n c e  was n o n - d i f f u s e ,  and 
th e  d i r e c t i o n a l i t y  depended on o p t i c a l  
d e p th ,  l o c a t i o n ,  and a b s o r p t i o n / e x t i n c t i o n  
r a t i o .
(2) The edge e m i t t a n c e  was g e n e r a l l y  more 
d i r e c t i o n a l  th an  th e  p lan e  e m i t t a n c e .
(3) The e m i t t a n c e  i n c r e a s e d  w i th  b o th  an 
i n c r e a s e  i n  o p t i c a l  d e p th  and a b s o r p t io n  
c o e f f i c i e n t .
(4) , The ” s t r o n g l y " - a b s o r b i n g  medium was
more d i f f u s e  th a n  th e  " w e a k ly " -a b s o rb in g  
medium.
(5) The o p t i c a l  d e p th  was th e  main f e a t u r e  
i n  d e te r m in in g  th e  g e n e r a l  cu rv e  sh a p e .
As shown i n  F ig u r e s  5-1  to  5 -2 3 ,  th e  ag reem en t w i th  B o b co 's  (2) 
r e s u l t s  i s  g e n e r a l l y  q u i t e  good. The d i r e c t i o n a l  e m i t t a n c e s  f o r  th e  
" w e a k ly " -a b s o r b in g  m ed ia  a re  i n  good agreem ent f o r  b o th  o p t i c a l  d e p th s
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f o r  b o th  th e  edge and th e  p l a n e ,  and the  d i f f e r e n c e s  a r e  sm a l l  f o r  the  
p la n e  s u r f a c e s  f o r  " s t r o n g l y " - a b s o r b i n g  m ed ia .  Many o f  th e  d i f f e r e n c e s  
a r e  w i t h i n  th e  e x p e c te d  a c c u ra c y  o f  the  Monte C a r lo  s o l u t i o n ,  and th e  
m inor d i f f e r e n c e s  in  cu rv e  shape a r e ,  i n  g e n e r a l ,  n o t  s i g n i f i c a n t .
Edge e m i t t a n c e  v a lu e s  f o r  th e  " s t r o n g l y " - a b s o r b i n g  m edia  d id  
v a ry  from B obco 's  r e s u l t s .  The cu rv e  sh a p es  were v e ry  s i m i l a r ,  and i f  
th e  d i r e c t i o n a l  e m i t t a n c e  c u rv e s  a r e  n o rm a l iz e d  by d i v i d i n g  by th e  normal 
e m i t t a n c e ,  th e  r e s u l t i n g  cu rv es  ( e / e ^ )  a r e  i n  good ag reem en t .  I t  would 
a p p e a r  from th e  r e s u l t s  t h a t  B obco 's  a n a l y t i c a l  s o l u t i o n  may n o t  be v a l i d  
f o r  " s t r o n g l y " - a b s o r b i n g  media w hich view an  i n f i n i t e  s o u rc e .  T h is ,  
how ever, may n o t  be an  a r e a  o f  c o n c e rn  i n  th e  a p p l i c a t i o n  o f  the  a n a l y t i c a l  
a p p ro x im a t io n .  I f  one can g e n e r a l i z e  th e  r e s u l t s  and conc lude  t h a t  th e  
a p p ro x im a t io n  i s  v a l i d  f o r  s u r f a c e s  which view a " f i n i t e "  s o u r c e ,  then  
the  d i r e c t i o n a l  e m i t t a n c e  o f  the  c o n ic a l  d i s p e r s i o n s  a l s o  p r e d i c t e d  by 
Bobco and Edwards (40) sh o u ld  be v e ry  a c c u r a t e .  This  means, f o r  i n s t a n c e ,  
t h a t  once s u f f i c i e n t  o p t i c a l  d a ta  i s  a v a i l a b l e  from r o c k e t  e x h a u s t  p lum es, 
an a n a l y t i c a l  s o l u t i o n  may be a v a i l a b l e  which cou ld  p r e d i c t  q u i t e  a c cu ­
r a t e l y  th e  r a d i a t i v e  h e a t  t r a n s f e r  from th e  plume to  th e  v e h i c l e .
O ne-D im ensional C o a t in g  S o lu t io n s
The o n e -d im e n s io n a l  c o a t in g  s o l u t i o n s  were o b t a in e d  f o r  th e  p u r ­
pose  o f  c o r r e l a t i n g  th e  r e s u l t s  w i th  the  more c o m p l ic a te d  tw o -d im e n s io n a l  
s tu d y ,  s i n c e  th e  tw o -d im e n s io n a l  s o l u t i o n s  r e q u i r e d  too  much com puter 
tim e to  i n v e s t i g a t e  a l l  the  e f f e c t s  o f  o p t i c a l  d e p th ,  r e f r a c t i v e  in d ex ,  
and a b s o r p t i o n  c o e f f i c i e n t  on th e  d i r e c t i o n a l  e m i t t a n c e .  Some p a ra m e te r  
was n e c e s s a r y  to  c o r r e l a t e  th e  o n e -d im e n s io n a l  r e s u l t s ,  and t h i s  was
found to  be th e  e m i t t a n c e  d iv id e d  by th e  a b s o r p t io n  c o e f f i c i e n t ,  e / n .
A c o r r e l a t i o n  a l s o  h as  to  be o b ta in e d  betw een th e  r e f r a c t i v e  in d ex  and 
e m i t t a n c e  as  a f u n c t i o n  o f  o p t i c a l  d e p th .  U t i l i z i n g  th e  o n e -d im e n s io n a l  
d a t a  f o r  r e f r a c t i v e  in d e x ,  F ig u re s  8-1  and 8 -2  can  be o b t a i n e d .  These 
two f i g u r e s  r e p r e s e n t  th e  i n c r e a s e  i n  norm al e m i t t a n c e  o v e r  th e  v a lu e  
t h a t  would be o b t a in e d  f o r  a r e f r a c t i v e  in d ex  o f  1 .4 ,  There i s  o n ly  a 
s m a l l  change i n  th e  e m i t t a n c e  r a t i o  o v e r  th e  f u l l  ran g e  o f  o p t i c a l  d e p th s  
s t u d i e d ,  and th e  changes w i th  n can be c o n s id e r e d  a lm o s t  l i n e a r .
The r e s u l t s  o f  F ig u re s  8-1 and 8 -2  and o f  th e  e / n  d a t a  o f  F ig u re s  
5-1 and 5 -2  a re  used to  e x ten d  th e  d i r e c t i o n a l  e m i t t a n c e  r e s u l t s  f o r  
changes  i n  r e f r a c t i v e  index  to  o t h e r  o p t i c a l  d e p th s  n o t  c a l c u l a t e d .
The r e s u l t s  o f  t h i s  e x te n s i o n  a r e  shown i n  F ig u re  8 -3  f o r  a  = 0 . 9 9  and 
F ig u re  8 -4  f o r  a  = 0 .9 5  f o r  th e  o n e -d im e n s io n a l  c o a t i n g .  From th e s e  
f i g u r e s  th e  normal e m i t t a n c e  may be found f o r  any o p t i c a l  d e p th  betw een 
one and s i x ,  and f o r  r e f r a c t i v e  in d ex e s  o f  1 .4 ,  1 . 6 ,  and 1 .8 .  I n t e r ­
m e d ia te  v a lu e s  o f  r e f r a c t i v e  in d ex  may be i n t e r p o l a t e d .  N on-d im ens iona l  
c o m p o s i te  c u rv e s  o f  e / G^  a re  shown i n  F ig u re  8 -5  which can  be u sed  to  
f in d  th e  d i r e c t i o n a l  e m i t t a n c e  f o r  th e  v a lu e  o f  o b t a in e d  from e i t h e r  
F ig u re  8-3  o r  8 -4 .  The r e s t r i c t i o n s  on t h i s  usage  a r e ,  o f  c o u r s e ,  t h a t  
th e  s c a t t e r i n g / e x t i n c t i o n  r a t i o  m ust be e i t h e r  0 .9 5  o r  0 .9 9 .
Two-Dimensional C o a t in g  S o lu t io n
The tw o -d im e n s io n a l  r e s u l t s  were o b t a in e d  f o r  two o p t i c a l  d e p th s  
and two s c a t t e r i n g / e x t i n c t i o n  r a t i o s .  U sing  the  o n e -d im e n s io n a l  r e s u l t s  
f o r  t h e  v a r i o u s  v a lu e s  o f  o p t i c a l  d e p th  and r e f r a c t i v e  in d e x ,  th e  two- 
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COMPOSITE CURVES OF € /€
FIGURES 8 - 3  AND 8 -4
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c o n d i t i o n s .  The v a lu e  o f  th e  d i r e c t i o n a l  e m i t t a n c e  d iv id e d  by the  
a b s o r p t i o n  c o e f f i c i e n t  i s  shown in  F ig u re  8-6  f o r  th e  two o p t i c a l  d e p th s  
c o n s id e r e d  and two s c a t t e r i n g / e x t i n c t i o n  r a t i o s .  I t  i s  n o te d  t h a t  th e  
cu rv e  d i f f e r e n c e s  a r e  a b o u t  th e  same up to  a d im e n s io n le s s  d i s t a n c e  o f  
a b o u t  y /L = 1 .0 ,  and t h i s  d i f f e r e n c e  c o r re s p o n d s  r o u g h ly  to  the  same 
amount o b se rv e d  in  the  o n e -d im e n s io n a l  problem  f o r  th e  same o p t i c a l  
c o n d i t i o n s .  I t  i s  on t h i s  b a s i s  t h a t  th e  o n e -d im e n s io n a l  r e s u l t s  a re  
assumed d i r e c t l y  a p p l i c a b l e  to the  tw o -d im e n s io n a l  c o a t i n g .  The norm al 
e m i t t a n c e  i s  assumed to be i n c r e a s e d  by an i n c r e a s e  i n  r e f r a c t i v e  in d ex  
a c c o r d in g  to the  o n e -d im e n s io n a l  r e s u l t s .
The r e s u l t s  o f  th e  e x te n d e d  a n a l y s i s  a r e  shown i n  F ig u re s  8-7 
th ro u g h  8 -1 8 .  T ab le  8-1  summarizes th e  o p t i c a l  c o n d i t i o n s  and n o te s  the  
a p p l i c a b l e  F ig u re  num bers. The c u rv e s  f o r  t  = 3 and 5 in  F ig u re s  8-7
TABLE 8-1
SUMMARY OF THE TWO-DIMENSIONAL COATING ANALYSIS
F ig u re  No. L o c a t io n n a
8-7 edge 1 .4 0 .9 9
8-8 p lan e 1 .4 0 .99
8-9 edge 1 .6 0 .99
8-10 p lan e 1 .6 0 .99
8-11 edge 1.8 0 .99
8-12 p la n e 1 .8 0 .99
8-13 edge 1 .4 0 .9 5
8-14 p lan e 1 .4 0 .9 5
8-15 edge 1 .6 0 .9 5
8-16 p la n e 1 .6 0 .9 5
8-17 edge 1 .8 0 .9 5
8-18 p la n e 1 .8 0 .9 5
and 8 -8  and i n  F ig u re s  8-13 and 8-14  were a c t u a l l y  computed. A l l  o t h e r  
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FIGURE 8 -6  
Gn/ k fo r  t w o -  d im e n s io n a l  c o a tin g
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FIGURE 8-12
NORMAL EMITTANCE OF PLANE FOR VARIOUS 
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NORMAL EMITTANCE OF EDGE FOR VARIOUS 
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NORMAL EMITTANCE OF PLANE FOR VARIOUS 
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NORMAL EMITTANCE OF EDGE FOR VARIOUS 
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NORMAL EMITTANCE OF PLANE FOR VARIOUS 
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Composite c u rv e s  o f  s / s ^  f o r  the  edge and p lane  s u r f a c e s  a re  
shown i n  F i g u r e  8-19 f o r  u se  w i t h  F i g u r e s  8-7 th rough  8 -18 .  For  a 
s c a t t e r i n g / e x t i n c t i o n  r a t i o  o f  e i t h e r  0 .95  o r  0 . 9 9 ,  the  d i r e c t i o n a l  
e m i t t a n c e  may be o b t a i n e d  f o r  any o p t i c a l  dep th  between  one and s i x ,  f o r  
any r e f r a c t i v e  i n d ex  between 1 .4  and 1.8  (by i n t e r p o l a t i o n  be tween  cu rv e s  
i f  the  v a lu e  i s  n o t  e i t h e r  1 . 4 ,  1 . 6 ,  o r  1 . 8 ) ,  f o r  any edge l o c a t i o n  and 
f o r  any p l a n e  l o c a t i o n  up to one o p t i c a l  dep th  from the  edge .  I f  the  
d i r e c t i o n a l  e m i t t a n c e  i s  d e s i r e d  beyond one o p t i c a l  de p th  from the  edge,  
t h e  normal  e m i t t a n c e  w i l l  be be tween  the  v a lu e  a t  an o p t i c a l  d e p th  o f  
one and the  i n f i n i t e  v a lu e  o b t a i n e d  i n  t h e  o n e -d i m e n s i o n a l  s t u d y .  The 
normal  e m i t t a n c e  c o u ld  be o b t a i n e d  by i n t e r p o l a t i o n  between  t h e s e  two 
v a l u e s .
E r r o r  A n a l y s i s
An e x a c t  e r r o r  a n a l y s i s  i n  a Monte Ca r lo  program suc h  as  t h i s  
one i s  e x c e e d i n g l y  d i f f i c u l t .  The c o l l e c t i o n  s t r i p s  a r e  d i f f e r e n t  w id th s  
on the  edge s u r f a c e  t h a n  on the  p l a n e  s u r f a c e s .  Symmetry c o n s i d e r a t i o n s  
a l l o w  more e s c a p e s  (and c o n s e q u e n t l y  a b e t t e r  c o n f i d e n c e  i n  t h e  r e s u l t s )  
i n  some o f  t h e  a z im u th a l  d i r e c t i o n s ,  and f i n a l l y ,  the  p o l a r  s o l i d  a n g le s  
t h e m s e lv e s  a r e  o f  v a r y i n g  s i z e s .  Th is  means t h a t  some e x i t  l o c a t i o n s  
a r e  g o ing  to  have more e s c a p e s  th a n  o t h e r s  and thus  t h e o r e t i c a l l y  w i l l  
n o t  have  the  same r e l a t i v e  e r r o r .  To e l i m i n a t e  some o f  t h e  i n e q u i t i e s  
f o r  the  edge ,  s m a l l e r  g e n e r a t i n g  l e n g t h s  were used ( f o r  the  f r e e - b o u n d a r y  
p r o b le m ) ,  and o n ly  edge and n e a r - c o r n e r  e s ca p e s  were c a t a l o g u e d .  While  
t h i s  r e d u c t i o n  i n  g e n e r a t i n g  l e n g t h  added to the  a c c u r a c y  o f  t h e  edge 
e m i t t a n c e  v a l u e s ,  i t  c o m p l i c a t e d  the  e r r o r  a n a l y s i s  be c ause  i t  i s  e a s i e r
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to  e sca pe  o u t  the  edge f o r  a s m a l l e r  g e n e r a t i n g  a r e a .  In o r d e r  to o b t a i n  
an e s t i m a t e  o f  the  magni tude  o f  the  e r r o r s  i n v o lv e d ,  one a z im u th a l  s e c l i o n  
was chosen  as  " t y p i c a l , "  and the  app rox im a te  e r r o r s  were c a l c u l a t e d .
Many o f  t h e  i n d i v i d u a l  e x i t  l o c a t i o n s  w i l l  be more a c c u r a t e  s t a t i s t i c a l l y ,  
and some w i l l  be l e s s  a c c u r a t e .
There  a r e  s e v e r a l  ways o f  a n a l y z i n g  the  e r r o r .  One way i s  t h e  
b i n o m ia l  a p p r o x i m a t i o n  and the use  o f  t h e  no rmal  d e n s i t y  f u n c t i o n  used  
by Stockham (8) and d i s c u s s e d  in  ( 2 4 ) .  Another  method i s  t o  u t i l i z e  
the  S t u d e n t  " t "  d i s t r i b u t i o n ,  d i s c u s s e d  i n  most  s t a t i s t i c s  books such 
as  Hahn and S h a p i r o  ( 3 8 ) ,  Uspensky ( 3 9 ) ,  and Mood and G r a y b i l l  ( 2 4 ) .
Both methods w i l l  be used f o r  t h i s  p a r t i c u l a r  a n a l y s i s .
The b i n o m ia l  a p p ro x im a t io n  assumes t h a t  each  e v e n t  i s  i n d e p e n d e n t ,  
and t h a t  a p a r t i c u l a r  h i s t o r y  e i t h e r  e x i t s  o r  f a i l s  t o  e x i t  a p a r t i c u l a r  
l o c a t i o n .  For  a v e r y  l a r g e  number o f  e m i s s i o n s ,  the  r e l a t i v e  f r e q u e n c y  
o f  e s c a p e s  i n  a p a r t i c u l a r  l o c a t i o n  would a pp roa c h  a l i m i t ,  the  e s ca p e  
p r o b a b i l i t y  p.
p  =  a s  N -  “
N
Since  each  outcome i s  assumed to be an i n d e p e n d e n t  B e r n o u l l i  
t r i a l  h a v in g  e i t h e r  s u c c e s s  o r  f a i l u r e ,  t h e  p r o b a b i l i t y  o f  s u c c e s s  i s  
p ,  and t h e  p r o b a b i l i t y  o f  f a i l u r e  i s  1 -p  o r  q. I n  the  a c t u a l  c a s e  n e i t h e r  
p nor  q i s  known, b u t  by u s i n g  the  no rmal  a p p r o x i m a t io n  to  the b i n o m ia l  
d i s t r i b u t i o n ,  a c o n f i d e n c e  l e v e l  f o r  a  p a r t i c u l a r  e r r o r  can  be found 
u s i n g  t h e  a p p ro x im a te  v a l u e s  f o r  p and q.
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I p1
For a  g i v e n  c o n f i d e n c e  l e v e l ,  say  ( 1 0 0 - Q f )  p e r  c e n t ,  t he  d a t a  would be 
e x p e c t e d  to f a l l  w i t h i n  the  i n t e r v a l  (100-Of) p e r  c e n t  o f  the  t ime and be 
o u t s i d e  t h e  i n t e r v a l  O' p e r  c e n t  o f  the  t im e .  C o n f id en c e  l e v e l s  a r e  
commonly g i v e n  as  0 . 9 0 ,  0 . 9 5 ,  and 0 .99  ( 3 8 ) .  For  t h i s  work,  a c o n f i d e n c e  
l e v e l  o f  0 .9 0  w i l l  be u s e d .  E xpressed  m a t h e m a t i c a l l y ,  u s i n g  the  normal 
a p p r o x i m a t io n .
1
p ( - y  < z < + y) = / â r  ^
y T 2
e" / dz = 0 ,90
where  y = e /  —/  pq
The u s u a l  form o f  t h e  l i m i t s  f o r  t h e  no rmal  a p p r o x i m a t io n  i s  (24)
where a  = v a r i a n c e  (known)
|i, = a c t u a l  mean (known)
X = sample mean 
n = number o f  t r i a l s .
For  t h i s  b in o m i a l  c a s e  r e p r e s e n t e d  h e r e
a = and (x - p,) = g
The c u m u l a t i v e  d i s t r i b u t i o n  f o r  the  normal  d e n s i t y  f u n c t i o n  i s  t a b u l a t e d  
i n  most  s t a t i s t i c s  books .
The S t u d e n t  " t "  d i s t r i b u t i o n  may a l s o  be used  f o r  d e t e r m i n i n g  
c o n f i d e n c e  i n t e r v a l s ,  p r o v i d i n g  n samples  a r e  t a k e n  from a g iv en  p o p u l a ­
t i o n .  The Monte C a r lo  computer  d a t a  was u s u a l l y  p r i n t e d  a f t e r  a c e r t a i n
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number o f  e m i s s io n  h i s t o r i e s ,  and the  p a r t i c u l a r  example used to  i l l u s ­
t r a t e  the  e x p e c t e d  e r r o r  i s  f o r  40 sam ples ,  each  c o n s i s t i n g  o f  25,000 
h i s t o r i e s ,  f o r  a t o t a l  o f  1 , 0 0 0 ,0 0 0  h i s t o r i e s .  The method sh o u ld  be 
more a c c u r a t e  i n  p r e d i c t i n g  c o n f i d e n c e  l e v e l s  s i n c e  i t  does  n o t  i n v o lv e  
any a s sum pt ions  c o n c e r n i n g  the  s t a n d a r d  d e v i a t i o n  o r  t h e  mean. From 
(3 8 ) :
X - p.t  =
v/sCx. - x ) ^ / n ( n - l )
Where x = mean o f  t h e  t o t a l  sample 
H = t r u e  mean 
n = number o f  samples  
For  a 90 p e r  c e n t  c o n f i d e n c e  i n t e r v a l
p t . 0 5  
-*-t
P (-  ^ ,0 5  ^ ^  t . 0 5 ) -J f ( t ;  n -1 )  d t  = 0 .90
,05
o r
r- t / S ü m ?
^ . 0 5 /  n ( n - l ) <  p, <  X + t
/ e (Xi- - x )^ ~̂ 
. 0 5 V  n ( n - l ) = 0 .9 0 .
The v a l u e s  o f  t  a r e  t a b u l a t e d  i n  most  s t a t i s t i c s  books .
Table  8-2 shows t h e  d a t a  to  be used i n  t h e  example.  R e c a l l  t h a t  
t h i s  d a t a  i s  f o r  o n l y  one o f  seven  a z im u th a l  d i r e c t i o n s  f o r  y /L  = 0 . 4  to
0 . 6  f o r  T = 3 . 0  and y  = 0 . 1 .
The b i n o m i a l  a p p r o x i m a t io n  shows the  s e c t i o n  w i t h  the  most  e sca pe s  
to  be t h e  most  a c c u r a t e ,  and the  one w i t h  the  f e w e s t  e s c a p e s  to  be the 
l e a s t  a c c u r a t e ,  w h i l e  t h e  S t u d e n t  t  d i s t r i b u t i o n  t a k e s  i n t o  c o n s i d e r a t i o n  
the s p re a d  o f  the  d a t a  ab o u t  the  sample mean, i . e . ,  t h e  sample v a r i a n c e .
For  t h i s  r e a s o n ,  t h e  S t u d e n t  t  a c c u r a c i e s  a r e  n o t  s o l e l y  d e p e n d en t  on the
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TABLE 8-2
EXAMPLE DATA FOR ERROR ANALYSIS
No. of Samples 40 Optical depth t  = 3.0
Emissions per sample 25,000 Scattering/Extinction a = 0.9
Azimuthal section No. 12 y/L = 0.4 to 0.6
P o l a r  C o l l e c t i o n  Area
T o t a l s
Run
No. 1 2 - "  3 4 5 6 7 8
1 6 11 22 23 36 23 24 13
2 3 13 28 31 26 24 25 26
3 4 16 27 26 28 29 29 27
4 4 13 27 26 31 26 24 25
5 6 10 22 32 34 27 26 16
6 7 13 28 29 37 30 13 13
7 5 12 37 39 38 29 27 21
8 4 15 19 29 36 33 30 29
9 5 17 21 28 34 30 30 21
10 4 15 17 29 36 36 26 23
11 5 20 25 32 39 33 27 24
12 2 14 20 25 23 32 26 20
13 9 19 27 41 26 29 22 24
14 2 10 24 30 37 32 26 24
15 4 7 21 30 33 33 22 25
16 3 14 21 29 29 31 25 22
17 4 14 27 24 26 30 28 19
18 3 15 25 32 28 27 22 18
19 7 11 28 26 33 34 23 13
20 11 12 31 26 22 27 21 18
21 5 22 23 29 29 33 23 22
22 1 16 26 29 26 37 29 23
23 3 19 27 34 37 24 26 18
24 6 17 17 21 33 35 27 22
25 5 15 20 20 30 35 30 23
26 3 13 36 23 25 31 26 24
27 7 17 25 36 40 36 27 19
28 6 11 26 36 27 26 18 19
29 5 17 16 27 38 33 18 24
30 5 15 23 26 27 29 22 23
31 5 18 24 34 34 31 22 19
32 3 18 41 27 24 35 18 13
33 3 16 32 24 37 34 29 23
34 1 11 24 24 37 25 22 22
35 5 12 22 25 33 28 27 19
36 2 13 22 25, 33 27 25 9
37 5 13 31 18 35 23 33 17
38 4 16 28 33 36 31 , 28 22
39 4 16 29 28 41 25 27 28
40 3 21 26 32 30 20 28 28
1 179 557 1005 1138 1284 1193 1001 832
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TABLE 8-3
SUMMARY OF RESULTS FOR CONFIDENCE LEVEL OF 0 ,90
C o l l e c t i o n
Area
Computed
E m i t t a n c e
Binomial
Approximation
E r r o r
L i m i t s
S tu d e n t  t  
E r r o r  L i m i t s
Smooth Curve 
E m i t t a n c e  Value
1 0 .2 8 12.37, 9.5% 0.27
2 0.31 6.9% 4.7% 0 .3 0
3 0 .3 5 5.2% 4.1% 0 .3 2
4 0 .33 4.9% 3.5% 0 .33
5 0 .3 5 4.6% 3.3% 0.34
6 0 .3 4 4.8% 2.9% 0.34
7 0 .3 5 5.2% 3.3% 0.34
8 0 .33 5.7% 5.0% 0 .34
t o t a l  number o f  e s c a p e s  and shou ld  be more a c c u r a t e  t h a n  th e  b inom ia l  
a p p r o x i m a t io n .  Both methods o f  c a l c u l a t i o n  a g re e  v e r y  w e l l ,  however ,  
and p r e d i c t  t h e  f i n a l  e r r o r s  to  be o f  t h e  o r d e r  o f  f i v e  p e r  c e n t .
As d i s c u s s e d  i n  Appendix B, the  maximum e r r o r s  f o r  t h e  one ­
d im e n s io n a l  program were e xpe c te d  to  be a b o u t  two p e r  c e n t .  The e x p e c t e d  
e r r o r  f o r  t h e  t w o - d im e n s io n a l  c o a t i n g  p roblem sho u ld  be o f  t h e  same o r d e r  
as t h e  t w o - d im e n s i o n a l ,  f r e e - b o u n d a r y  s o l u t i o n .  There were fewer  h i s t o ­
r i e s  fo l l o w e d ,  b u t  be c a u s e  o f  the  h i g h e r  s c a t t e r i n g / e x t i n c t i o n  r a t i o s ,  
t h e r e  was a h i g h e r  p r e c e n t a g e  o f  e s c a p e s .
Monte C a r lo  methods have p roven  to  be a means o f  p r e d i c t i n g  
d i r e c t i o n a l  e m i t t a n c e s  f rom e m i t t i n g ,  a b s o r b i n g ,  and s c a t t e r i n g  media .
The method i s  n o t  e x a c t ,  b u t  s i n c e  t h e  i n d i v i d u a l  d a t a  p o i n t s  have as 
much chance o f  b e i n g  h i g h  as  low in  the  e r r o r  i n t e r v a l ,  a " b e s t "  curve 
drawn th ro u g h  the  d a t a  p o i n t s  shou ld  be r e a s o n a b l y  a c c u r a t e  and s h o u ld ,  
i n  many c a s e s ,  be more a c c u r a t e  t h an  f i v e  p e r  c e n t .
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APPENDIX A 
PROPERTIES OF COATING MATERIALS
The d e t e r m i n a t i o n  o f  e x a c t  o p t i c a l  and r a d i a t i v e  p r o p e r t i e s  o f  
ceramic  m a t e r i a l s  i s  v i r t u a l l y  i m p o s s i b l e ,  t h u s  making t h e  c o r r e l a t i o n  
o f  d a t a  f rom two d i f f e r e n t  e x p e r i m e n t e r s  e x c e e d i n g l y  d i f f i c u l t .  M a t e r i a l  
p r o p e r t i e s  which  a f f e c t  t h e  e m i t t a n c e  and r e f l e c t a n c e  o f  a c o a t i n g ,  such 
a s  d e n s i t y  and p o r o s i t y ,  a r e  dependen t  on t h e  m a n u f a c t u r i n g  p r o c e s s e s .
They may v a r y  from one sample t o  a n o t h e r  w i t h i n  a  b a t c h  and would c e r t a i n ­
ly  v a r y  w i t h  d i f f e r e n t  m a n u f a c t u r e r s .  To s a y ,  t h e n ,  t h a t  a p a r t i c u l a r  
c o a t i n g  i s  a lu m in a ,  Al^O^, would be i n s u f f i c i e n t  i n f o r m a t i o n  to  d e t e r ­
mine most o f  t h e  m a t e r i a l  p r o p e r t i e s .  An a d d i t i o n a l  c o m p l i c a t i o n  i s  
the  w a v e le n g th  dependence  o f  t h e  o p t i c a l  p r o p e r t i e s .  The r e f r a c t i v e  
i ndex ,  s c a t t e r i n g  c o e f f i c i e n t ,  and a b s o r p t i o n  c o e f f i c i e n t  v a r y  w i t h  
w a v e l e n g t h ,  w h ic h ,  i n  t u r n ,  a f f e c t s  the  e m i t t a n c e .  The pu rp o se  o f  t h i s  
a p pe nd ix  i s  t o  d i s c u s s  some o f  t h e  r e s u l t s  o b t a i n e d  from d i f f e r e n t  i n ­
v e s t i g a t o r s  and t o  j u s t i f y  t h e  s e l e c t i o n  o f  t h e  c o n s t a n t s  u sed  in  t h i s  
d i r e c t i o n a l  e m i t t a n c e  s tu d y .
F o l w e i l e r  (23)  was t h e  p r i n c i p a l  a u t h o r  o f  a  r e p o r t  by L ex in g to n  
L a b o r a t o r i e s  which p r e s e n t e d  b o t h  e x p e r i m e n t a l  and a n a l y t i c a l  d a t a  on 
th e  m a t e r i a l  and o p t i c a l  p r o p e r t i e s  o f  the  f o l l o w i n g  c e ra m i c s :
(1)  Alumina (6 d i f f e r e n t  t y p e s )
(2) S t ro n t iu m  t i t a n a t e
1 2 2
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(3) Magnesium ox ide
(4) Pyroceram (2 d i f f e r e n t  t y p e s )
The e x p e r i m e n t a l  d a t a  from t h i s  r e p o r t  forms the  b a s i s  f o r  s e l e c t i o n  o f  
t h e  c o a t i n g  p r o p e r t i e s .  The t h e o r e t i c a l  a n a l y s i s  c onduc ted  by F o l w e i l e r  
u s e d  Hamaker 's  (27) a t t e n u a t e d  f l u x  a pp roa c h  which h a s  be en  shown by 
Love (1) t o  be i n a c c u r a t e  f o r  some c a l c u l a t i o n s .  Because t h e r e  was a 
l a r g e  d i s c r e p a n c y  be tween  some of  t h e  a n a l y t i c a l  s c a t t e r i n g  c o e f f i c i e n t  
r e s u l t s  and e x p e r i m e n t a l  d a t a  (an o r d e r  o f  m agn i tude  in  some c a s e s ) , t h e  
a n a l y t i c a l  r e s u l t s  w i l l  no t  be d i s c u s s e d .
T y p i c a l  e x t i n c t i o n  c o e f f i c i e n t s  a s  a f u n c t i o n  o f  w a v e len g th  a r e  
shown i n  F i g u r e s  A-1 ( a ) ,  ( b ) ,  (c) and (d) t a k e n  from ( 2 3 ) .  As shown in  
t h e  s k e t c h e s ,  t h e  e x t i n c t i o n  c o e f f i c i e n t  v a r i e s  from a b o u t  20/cm in  A-1 
(d) t o  a l m o s t  500/cm i n  A-1 ( b ) . The v a l u e  o f  the  e x t i n c t i o n  c o e f f i c i e n t  
which  b e s t  f i t s  most  o f  the  d a t a  i s  a p p r o x i m a t e l y  200/cm, which was the  
v a l u e  u s e d  f o r  t h e  d i r e c t i o n a l  e m i t t a n c e  s t u d y .  Lee and Kinge ry  (28) a t  
l e a s t  p a r t i a l l y  s u p p o r t  t h e  s e l e c t i o n  o f  200/cm f o r  AlgO^.  T h e i r  d a t a  
i n d i c a t e s  a  s c a t t e r i n g  c o e f f i c i e n t  o f  200/cm f o r  A-5 and from 60/cm t o  
15/cm f o r  A-4 i n  t h e  1 t o  5 mic ron  w a v e le n g th  r a n g e .  S ince  t h e  s c a t t e r i n g  
c o e f f i c i e n t  i s  a p p r o x i m a t e ly  e q u a l  to  t h e  e x t i n c t i o n  c o e f f i c i e n t ,  the  
r e s u l t s  a r e  c om parab le .  Cox (29) e s t i m a t e d  th e  a v e r a g e  e x t i n c t i o n  
c o e f f i c i e n t  o f  z i r c o n iu m  ox ide  was a b o u t  90/cm in  t h e  t e m p e r a t u r e  range  
o f  3500° F t o  4200° F and f u r t h e r  s t a t e d  t h a t  200/cm would be a good 
room t e m p e r a t u r e  e s t i m a t e  o f  t h e  e x t i n c t i o n  c o e f f i c i e n t .
The a b s o r p t i o n  c o e f f i c i e n t s  f o r  s e v e r a l  ce ram ic  o x id e  c r y s t a l s  
were o b t a i n e d  by ( 2 3 ) .  The AlgO^ c r y s t a l s  a b s o rb e d  a s  shown in 
F i g u r e  A-2 (a)  w i t h  a minimum o f  0 .1 /cm  and a maximum o f  a b o u t  4 .0 /cm
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FIGURE A-1
EXTINCTION COEFFICIENT FOR VARIOUS CERAMIC 
MATERIALS AS A FUNCTION OF WAVELENGTH
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in  t h e  r ange  1 t o  5 m i c r o n s .  Tlie Sr'LMO^ c r y s t a l s  e x h i b i t e d  bo th  a max­
imum and a minimum i n  t h e  1 t o  5 m ic ron  w a v e l e n g t h  ran g e  a s  shown in  
F ig u re  A-2 ( b ) . The minimum v a l u e  was a b o u t  0 .3 / cm  a nd  t h e  maximum 
v a l u e  i n c r e a s e d  t o  a b o u t  3/cm. The a b s o r p t i o n  c o e f f i c i e n t  a p p a r e n t l y  
c o n t i n u e d  to  i n c r e a s e  beyond 5 m i c r o n s ,  b u t  t h e  d a t a  f o r  t h e s e  c r y s t a l s  
was l i m i t e d  t o  t h a t  maximum w a v e l e n g t h .  The t e m p e r a t u r e  dependence  o f  
t h e  c r y s t a l s  i s  a l s o  shown f o r  SrTiO^.  MgO c r y s t a l s  w ere  t e s t e d  t o  8 
m ic rons  by  (23) and  showed an a b s o r p t i o n  c o e f f i c i e n t  o f  a b o u t  10/cm a t  
8 m ic r o n s .
Us ing  t h e  minimum and maximum v a l u e s  o f  a b s o r p t i o n  c o e f f i c i e n t s  
and  t h e  e x t i n c t i o n  c o e f f i c i e n t  found i n  (23) and c i t e d  above l e a d s  t o  
s c a t t e r i n g / e x t i n c t i o n  r a t i o s  o f  0 .9995 t o  0 . 9 5 .  The u p p e r  l i m i t  o f  
0 .9995 i s  too  r e s t r i c t i v e  s i n c e  i t  i s  a s s o c i a t e d  w i t h  a  v e ry  low 
e m i t t a n c e  a t  t h e  s m a l l  o p t i c a l  d e p th s  found i n  c o a t i n g s .  C o n s e q u e n t ly ,  
t h e  d e c i s i o n  was made t o  u s e  0 .9 9  a s  t h e  maximum s c a t t e r i n g / e x t i n c t i o n  
r a t i o .  T h i s  c o r r e s p o n d s  t o  an a b s o r p t i o n  c o e f f i c i e n t  o f  2 .0 /cm  which 
i s  an a p p r o x i m a t e  w a v e l e n g t h - a v e r a g e d  v a l u e .  The lower  l i m i t  o f  0 .95  
was a c c e p t e d  a s  a  minimum v a l u e  f o r  t h e  h i g h e r  w a v e l e n g t h s .
The r e m a in i n g  p a r a m e t e r  t o  be d e t e r m i n e d  i s  t h e  r e f r a c t i v e
in d e x .  This  p r o p e r t y  can be measured  q u i t e  a c c u r a t e l y ,  b u t  t h e r e  i s
b o th  a w a v e l e n g t h  dependence  and  a v a r i a t i o n  from one c e ram ic  m a t e r i a l  
t o  a n o t h e r .  T a b l e  A-1 l i s t s  t h e  r e f r a c t i v e  i n d e x  f o r  s e v e r a l  c e r a m i c s .
With t h e  e x c e p t i o n  o f  SrTiO^, a l l  v a l u e s  o f  t h e  r e f r a c t i v e  i ndex
between  0 . 5  and  3 m ic r o n s  a r e  be tw een  1 . 4  and 1 . 8 .  E x t r a p o l a t i n g  t o  5
m ic ro n s  r e d u c e s  t h e  r e f r a c t i v e  in d e x  j u s t  t o  1 . 3 .  Three  o f  t h e  s i x  
c e ra m ic s  ( e x c l u d i n g  one o f  t h e  two Pyroceram m a t e r i a l s  s i n c e  t h e y  have
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the  same p r o p e r t i e s )  have a w a v e l e n g t h -a v e r a g e d  v a lu e  o f  a p p ro x i m a t e ly  
1 .4 ,  two have an a v e r a g e  v a lu e  o f  ab o u t  1 . 7 ,  and SrTiO^ has  an a ve rage  
v a lu e  o f  a p p r o x i m a t e l y  2 . 2 5 .  Since  1 .4  i s  t h e  most  common v a l u e  f o r  t h e  
r e f r a c t i v e  i n d e x ,  i t  was chosen f o r  t h e  tw o - d im e n s io n a l  d i r e c t i o n a l  
e m i t t a n c e  c a l c u l a t i o n s .  Values  of  n = 1 .6  and 1 .8  were a l s o  used  f o r  
the  o n e - d i m e n s i o n a l  c o a t i n g  e m i t t a n c e  c a l c u l a t i o n s  t o  d e t e r m in e  th e  e f f e c t  
o f  r e f r a c t i v e  in d ex  on t h e  d i r e c t i o n a l  e m i t t a n c e .
TABLE A - l ’'
INDEX OF REFRACTION VARIATIONS FOR CERAMICS
M a t e r i a l 0 . 5  p. 1 M- 2 4 3 P 4 M- 5 p.
AlgO, 1.78 1.75 1 .74 1 .72 1.65 1 .6
SrTiOj 2 .48 2 .31 2 .27 2 .23 2 .1 8 2.11
9606 (Pyroceram) 1.45 1.45 1.43 1.41 (1 .35 ) (1 .30)
9608 (Pyroceram) 1.45 1.45 1.43 1.41 (1 .35 ) (1 .30 )
MgO 1.75 1.72 1.70 1 .68 1 .65 1.55
CaFg 1.43 1.42 1.41 1 .41 1.40 1.39
SiOg 1.45 1.45 1 .43 1 .41 (1 .35 ) (1 .30 )
* From ( 2 3 ) ,  P a r t  I I ,  Appendix I  
( P a r e n t h e s e s  i n d i c a t e  e x t r a p o l a t e d  v a l u e s )
S e v e r a l  i n v e s t i g a t o r s  have de te r m in e d  the  e m i t t a n c e  o f  d i f f e r e n t  
ce ramic  m a t e r i a l s .  U s u a l l y  t h e  normal s p e c t r a l  e m i t t a n c e  was m easured ,  
b u t  i n  some c a s e s  t o t a l  normal  and h e m i s p h e r i c a l  e m i t t a n c e s  were a l s o  
d e t e r m i n e d .  B l a i r  (30) measured  th e  t o t a l  e m i t t a n c e  and s p e c t r a l  e m i t t a n c e  
a t  0 . 6 4  and 1 m ic ron  o f  Frenchtown Alumina 4402,  Coors Alumina AD99 and 
Corn ing 9608 (Pyroceram)  a t  e l e v a t e d  t e m p e r a t u r e s .  Weigandt  and  Olson (31)
measured  the  normal  e m i t t a n c e  o f  Pyroceram 9608 a t  1000 K from 1 t o  12
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m ic r o n s .  Bogannov, e t  a l  (32) measured the  t o t a l  e m i t t a n c e  oC tliLn 
samples  o f  aluminum o x i d e ,  z i r c o n iu m  o x i d e ,  z i r c o n ,  t i t a n i u m  o x i d e ,  and 
chromic ox ide  a t  t e m p e r a t u r e s  be tween 700 and 1100°K. G r e n i s  and L e v i t t  
(33) m easured  normal  s p e c t r a l  e m i t t a n c e  and t o t a l  h e m i s p h e r i c a l  e m i t t a n c e  
f o r  aluminum o x i d e ,  chromic  o x i d e ,  z i r c o n iu m  o x i d e ,  and  bo ro n  n i t r i d e  a t  
1300°K. The w a v e le n g th  r ange  f o r  t h e  s p e c t r a l  m easu rem en ts  was 1 t o  10 
m ic r o n s .  Hobbs and F o l w e i l e r  (23) a l s o  m easured  t h e  normal  s p e c t r a l  
e m i t t a n c e  and c a l c u l a t e d  t h e  h e m i s p h e r i c a l  e m i t t a n c e  f o r  t h e i r  ce ramic  
samples .  Some o f  t h e  above d a t a  was t aken  on s i m i l a r  m a t e r i a l s  a t  
a p p r o x i m a t e l y  t h e  same c o n d i t i o n s ,  b u t  f o r  t h e  most  p a r t ,  t h e  r e s u l t s  a r e  
f o r  d i f f e r e n t  i s o l a t e d  c o n d i t i o n s .
The e m i s s i o n  c h a r a c t e r i s t i c s  o f  c a v i t i e s  i n  c e ram ic  s u r f a c e s  were 
measured  and a n a l y z e d  by Cox (29) f o r  s e v e r a l  w i d e l y  v a r y i n g  s c a t t e r i n g  
a l b e d o s .  Gannon and L i n d e r  (34) d e te r m in e d  t h e  e f f e c t s  o f  s u r f a c e  
roughness  and p o r o s i t y  (on the  t o t a l  normal  e m i t t a n c e )  o f  Nor ton  Company 
E l l l  a lum ina  i n  t h e  t e m p e r a t u r e  r an g e  685-885° C. Almost  no change i n  
th e  e m i t t a n c e  was o b s e rv e d  a s  t h e  p o r o s i t y  was v a r i e d  from 9 .7  t o  30 p e r  
c e n t ,  and a s  t h e  ro u g h n es s  was v a r i e d  from 20 p, i n .  t o  200 p, i n .
Tor ra nc e  and Sparrow (35) de te r m in e d  the  d i r e c t i o n a l  e m i t t a n c e  o f  t h i c k  
AlgOg samples  a s  a f u n c t i o n  o f  s u r f a c e  roughness  and w a v e l e n g t h .  P l o t s  
were g iv e n  i n  t h e  form o f  e / e ^  , b u t  no a c t u a l  v a l u e s  were  g iv e n  f o r  the  
e m i t t a n c e .
In  most  o f  t h e  above s t u d i e s  a v e ry  wide r a n g e  i n  e m i t t a n c e  
v a l u e s  i s  o b s e rv e d  f o r  t h e  v a r i o u s  ceramic  m a t e r i a l s .  The normal 
s p e c t r a l  e m i t t a n c e  d a t a  o f  F o l w e i l e r  (23) and G r e n i s  and L e v i t t  (33) 
e x h i b i t e d  a g e n e r a l  c h a r a c t e r i s t i c  a s  shown i n  F i g u r e  A-3 ,  b u t  t h e
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minimum v a l u e s  v a r i e d  c o n s i d e r a b l y .  For  i n s t a n c e  (23) o b t a i n e d  e m i t t a n c e s  
a s  low a s  0 .03  f o r  AlgO^ a t  4 m i c r o n s ,  w h i l e  o t h e r  samples  had
minimum v a l u e s  o f  0 . 5  f o r  the  e m i t t a n c e .  Almost  no d e f i n a b l e  minimum 
was o b s e rv e d  f o r  c e r t a i n  samples  o f  MgO, s i n c e  the  minimum v a l u e  o f  
e m i t t a n c e  was a p p r o x i m a t e l y  0 . 8 .  The maximum v a l u e  o f  e m i t t a n c e  v a r i e d  
from 0 .9 5  to  0 . 9 9  in  t h e  8 t o  10 m ic ron  r a n g e .
APPENDIX B
MONTE CARLO SOLUTIONS FOR AN INFINITE, ABSORBING,
EMITTING DIELECTRIC WITH REFLECTING BOUNDARIES
A f t e r  o b t a i n i n g  s o l u t i o n s  f o r  t h e  d i r e c t i o n a l  e m i t t a n c e  o f  the  
t w o - d i m e n s i o n a l ,  f r e e  bounda ry  m ed ia ,  t h e  F r e s n e l  r e l a t i o n s  were to  be 
added to  t h e  compute r  program to  a c c o u n t  f o r  r e a l  s u r f a c e s .  A one ­
d i m e n s io n a l  p rogram  was w r i t t e n  to  check  o u t  the  r e f l e c t i n g  b o u n d a r i e s ,  
and s o l u t i o n s  were  o b t a i n e d  f o r  an i n f i n i t e ,  a b s o r b i n g ,  e m i t t i n g  medium 
f o r  which e x a c t  a n a l y t i c a l  s o l u t i o n s  had be en  p r e v i o u s l y  o b t a i n e d .
The Monte C a r lo  s o l u t i o n s  were o b t a i n e d  f o r  an o p t i c a l  d e p th  o f  
T = 0 , 6 ,  and f o r  two in d ex e s  o f  r e f r a c t i o n ,  n = 1 ,5  and 3 . 5 ,  The o p t i c a l  
d e p t h s  f o r  c e ra m ic  c o a t i n g s  would g e n e r a l l y  be g r e a t e r  t h a n  0 , 6 ,  b u t  t h i s  
was the  l a r g e s t  o p t i c a l  d e p th  c o n s i d e r e d  by F r a n c i s  (36)  and F r a n c i s  
and Love ( 3 7 ) .  S inc e  mos t  o f  t h e  c e ra m ic  m a t e r i a l s  have in d ex e s  o f  r e f r a c ­
t i o n  be tw een  1 .3  and 1 . 8 ,  t h e  s o l u t i o n  f o r  n = 3 ,5  i s  p r i m a r i l y  f o r  the  
p u r p o s e  o f  compar ing  t h e  a c c u r a c y  o f  t h e  Monte Car lo  s o l u t i o n  w i t h  the  
e x a c t  a n a l y t i c a l  s o l u t i o n  f o r  a  h i g h e r  in d e x  o f  r e f r a c t i o n .
The e m i s s i o n  l o c a t i o n ,  d i r e c t i o n ,  and p a t h  l e n g t h  were  d e te r m in e d  
as  f o r  the  i n f i n i t e  s c a t t e r i n g  media .  The g e n e r a t i n g  a r e a s  a r e  shown 
i n  F i g u r e  B-1,  and T a b le s  B-1 and B-2 summarize t h e  d a t a  o b t a i n e d  f o r  










(b)  n = 3 . 5
FIGURE B-1 
GENERATING AND COLLECTION AREAS FOR 
INFINITE, ABSORBING, EMITTING MEDIUM
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TABLE B-1
SUMMARY OF RESULTS FOR n = 1,5
No. o f  e m i s s i o n s  = 200,000 No. l o s t  o u t s i d e  c o l l e c t i o n
No. o f  a b s o r p t i o n s  = 123,150  a r e a  = 63,108
No. o f  e s ca p e s  i n  each  p o l a r  a n g le  i nc rem en t  
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
39 228 456 676 891 1052 1136 1185 1243 1213 1183 1065 951 837 671 505 411
TABLE B-2 
SUMMARY OF RESULTS FOR n = 3 .5
No. o f  e m i s s i o n s  = 600,000 No. l o s t  o u t s i d e  c o l l e c t i o n
No. o f  a b s o r p t i o n s  = 426 ,892  a r e a  = 165,698
No. o f  e s c a p e s  i n  each p o l a r  a n g le  i nc rem en t
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
36 147 278 351 493 573 623 626 673 593 599 618 499 440 371 275 215
The e m i t t a n c e  f o r  the  i n f i n i t e  a b s o r b i n g  media i s  d e te r m in e d  in  
t h e  same manner as  f o r  the  s c a t t e r i n g  media .  The e m i t t a n c e  i s  g iven  by
e / u  =  n ^  4 tt A h  N Q i ' )
^   ̂ cos  9 HA (UN avg.
The e q u a t i o n s  used  to  c a l c u l a t e  e f o r  t h e  17 e s c a p e  l o c a t i o n s  a r e  shown 
i n  Table  B-3.
The Monte C a r lo  r e s u l t s  a r e  shown i n  F i g u r e  B-2 a lo n g  w i t h  the 
a n a l y t i c a l  s o l u t i o n  o f  F r a n c i s  and Love.  The Monte Car lo  s o l u t i o n s  f i t  
the  e x a c t  a n a l y t i c a l  s o l u t i o n s  ve ry  w e l l .  The maximum e r r o r  i s  abou t
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TABLE B-3
EQUATIONS FOR THE DETERMINATION OF EMITTANCE
n = 1 .5 n = 3 .5
L o c a t i o n L o c a t i o n
1 e = 888 .8 N ' /N 1 e = 3880 N' /N
2 e = 299 .7 N ' / N 2 e = 1303 N' /N
3 e = 183. N ' / N 3 e = 798 N' /N
4 e = 135. N ' /N 4 G = 588 N' /N
5 e = 109 .5 N ' /N 5 e = 476 N' /N
6 e = 94 .7 N' /N 6 G = 412 N' /N
7 e = 85 .4 N ' /N 7 G = 371 N' /N
8 e = 80 .1 N ' /N 8 G = 348 N' /N
9 s = 77.7 N' /N 9 G = 339 N' /N
10 s = 77.6 N ' /N 10 G = 338 N' /N
11 • e = 80 .1 N' /N 11 G = 348 N' /N
12 e = 85 .5 N ' /N 12 G = 372 N' /N
13 6 = 9 5 .6 N ' /N 13 G = 416 N' /N
14 e = 109.5 N ' /N 14 G = 476 N ' /N
15 e = 135.3 N ' /N 15 G = 590 N' /N
16 e = 182 .7 N' /N 16 G = 796 N' /N
17 e = 222.8 N' /N 17 G = 970 N' / N
two p e r  c e n t ,  o c c u r r i n g  f o r  the  h i g h e r  in d e x  o f  r e f r a c t i o n .  The e r r o r s  
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FIGURE B-2
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APPENDIX C
COMPUTER PROGRAMS
TWo o f  t h e  t h r e e  computer  programs used i n  t h i s  s t u d y  a r e  i n c l u d e d  
i n  t h e  ap p e n d ix .  They a r e  t h e  one -  and tw o - d im e n s io n a l  c o a t i n g  p rograms.  
The tw o - d im e n s i o n a l ,  f r e e - b o u n d a r y  computer  program was m o d i f i e d  by 
a d d in g  t h e  F r e s n e l  bounda ry  c o n d i t i o n s ;  t h e r e f o r e ,  to  o b t a i n  t h e  f r e e -  
boundary  p rogram from the  tw o-d im e n s io n a l  c o a t i n g  program, t h e  F r e s n e l  
s u b r o u t i n e  and F r e s n e l  a n g l e s  would have to  be removed,  and th e  c o r r e c t  
e s c a p e  a n g l e s  s u b s t i t u t e d .  A l l  o t h e r  r e l a t i o n s  a r e  t h e  same. The 
p rograms a r e  w r i t t e n  i n  F o r t r a n  IV language  c o m p a t ib l e  w i t h  the  IBM 
360-40  i n s t a l l a t i o n .
A l l  random numbers a r e  g e n e r a t e d  by t h e  s c i e n t i f i c  s u b r o u t i n e  
p r o v id e d  by IBM f o r  u se  w i t h  the  360-40 computer .  The random number 
g e n e r a t o r  i s  o f  the  m u l t i p l i c a t i v e  congruence  type  and i s  n o t  supposed  
to  r e p e a t  a  number i n  2^^ g e n e r a t i o n s .  The non- randomness  o f  t h e s e  
" pseudo"  random number g e n e r a t o r s  has  been s e v e r e l y  q u e s t i o n e d  i n  r e c e n t  
y e a r s .  The c r i t i c i s m  o f  t h e s e  un i fo rm  number g e n e r a t o r s  i s  t h a t  s u c c e s s i v e  
p a i r s  o r  h i g h e r  o r d e r s  o f  g e n e r a t e d  numbers may n o t  be random even though 
th e  t o t a l  p r o p e r t i e s  o f  t h e  g e n e r a t e d  s e t  may be u n i fo r m .  Coveyou and 
MacPherson (41) pe r fo rm ed  a F o u r i e r  a n a l y s i s  on s e v e r a l  commonly-used 
number g e n e r a t o r s  t o  d e t e r m i n e  how w e l l  they  pe r fo rm ed  i n  the  g e n e r a t i o n  
o f  random numbers i n  p a i r s ,  t r i p l e t s ,  . . . ,  up to  t e n .  The a u t h o r s  found
135
136
t h a t  the  random numbers g e n e r a t e d  by s m a l l e r  g e n e r a t o r s  (2^ and 2^^) were 
g e n e r a l l y  n o t  s a t i s f a c t o r y ,  w h i l e  t h o se  numbers o b t a i n e d  by l a r g e r  g e n e r ­
a t o r s  u s u a l l y  were s a t i s f a c t o r y .  The IBM g e n e r a t o r  used h e r e i n  was no t
31among t h o se  t e s t e d ,  b u t  the  g e n e r a t o r  i s  2 , which  f a l l s  i n t o  the  l a r g e r
g e n e r a t o r  c a t e g o r y  and shou ld  be s a t i s f a c t o r y .  The a u t h o r s  i n  (41) f u r ­
t h e r  s t a t e d  t h a t  d e s p i t e  the  d i f f i c u l t i e s  found thus  f a r ,  t he  m u l t i p l i ­
c a t i v e  congruence  g e n e r a t o r s  were s u p e r i o r  to  a l l  o t h e r  methods o f  random 
number g e n e r a t i o n .  To check  o u t  the  IBM s u b r o u t i n e  f o r  t h i s  program, a 
few s im p le  t e s t s  were per fo rmed  s i m i l a r  to  t h o s e  c onduc ted  by S c o f i e l d  
( 9 ) ,  and th e  r e s u l t s  were a c c e p t a b l e .  The r e a l  p r o o f  o f  the  randomness 
i s  i n  t h e  r e s u l t s ,  and i n  e v e r y  c a se  where t h e  o p e r a t i o n  cou ld  be checked ,  
t h e  r e s u l t s  were good. For  i n s t a n c e ,  i f  t h e  s c a t t e r i n g / e x t i n c t i o n  r a t i o  
was g iv e n  a s  0 . 9 ,  t h e  number o f  s c a t t e r i n g s  d i v i d e d  by the  number o f  
s c a t t e r i n g s  p l u s  the  number o f  a b s o r p t i o n s  ( a l l  d e te r m in e d  by random 
number d e c i s i o n s )  came o u t  to  be a lm o s t  e x a c t l y  0 . 9  f o r  the  t o t a l  r u n .  
O the r  such  t e s t s  gave comparab le  r e s u l t s .
The amount  o f  computer  t ime  r e q u i r e d  to  o b t a i n  s o l u t i o n s  was ve ry  
l a r g e ,  p a r t i c u l a r l y  f o r  t h e  tw o -d im e n s io n a l  p rogram s,  where run  t im es  i n  
e x c e s s  o f  20 h o u r s  were r e q u i r e d  to  o b t a i n  a s o l u t i o n .  S ince  t h i s  was a 
p r o h i b i t i v e  amount o f  t ime f o r  a s i n g l e  r u n ,  s e v e r a l  s m a l l e r  ru n s  were 
made, u s u a l l y  be tw een  two and f i v e  h ou r s  i n  l e n g t h .  The o n e -d i m e n s i o n a l  
c o a t i n g  s o l u t i o n s  were much s m a l l e r ,  a v e r a g i n g  l e s s  than  60 m inu tes  f o r  
a  com ple te  s o l u t i o n .  A l l  16 o n e - d i m e n s i o n a l  s o l u t i o n s  r e q u i r e d  l e s s  t o t a l  
computer  t ime th an  the  s h o r t e s t  t w o -d im e n s io n a l  c o a t i n g  s o l u t i o n .  Table  
C-1 summarizes  t h e  t e s t s  r u n  and a pp rox im a te  ru n  t im e s .
The r e m a in d e r  o f  t h e  computer  t ime was used i n  r u n n in g  Monte
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TABLE C-1
RUN TIMES FOR COMPUTER PROGRAMS
O p t i c a l  C o n d i t i o n
T = 1, a  = 0 .9
T = 1, CT = 0 .1
T = 3,  a  = 0 .9
T = 3, a  = G. 1
(a)  Free-Boundary  S o l u t i o n
No. o f  Em is s ions  Approximate r u n  t ime
1 ,6 0 0 ,0 0 0
4 , 0 0 0 ,0 0 0
1 .4 50 .000
6 .5 0 0 .0 0 0
T o t a l
13 h o u r s  
15 h ou r s  
18 hours  
24 hours  
70 h o u r s
(b)  Two-Dimensional  C o a t in g  S o l u t i o n





CT = 0 .9 9  
CT = 0 .9 5  
CT = 0 .9 9  
CT = 0 .9 5











T o t a l
22 h ou r s  
20 h o u r s  
17 h ou r s  
20 h ou r s  
79 h o u r s
(c)  One-Dimens iona l  Coa t ing  S o l u t i o n
O p t i c a l  C o n d i t i o n
R e f r a c t i v e
Index
T 1 , CT 0 .9 9 1 4 15,000
T = 2, CT = 0 .9 9 1 4 15,000
T = 3, CT = 0 .9 9 1 4 20,000
T = 3, CT = 0 .9 9 1 6 15,000
T 3, CT = 0.99 1 8 20,000
T = 5, CT = 0 .9 9 1 4 17,500
T 5, CT 0 .9 9 1 6 17,500
T = 5, CT 0 .9 9 1 8 12,500
T = 1, CT = 0 .9 5 1 4 25,000
T 2, CT = 0 .9 5 1 4 20,000
= 3, CT = 0 .9 5 1 4 35,000
T = 3, CT = 0 ,9 5 1 6 35,000
T 3, CT = 0 .9 5 1 8 35,000
T 5, CT = 0 .95 1 4 30,000
T 5, CT 0 .9 5 1 6 30,000
T 5, CT 0 .9 5 1 8 30,000
64
65

















T o t a l  14 h o u r s  4 min.
138
TABLE C-1 (CONTINUED)
(d) O ne-Dimens iona l  Absorb in g ,  E m i t t i n g  Medium 
R e f r a c t i v e
O p t i c a l  C o n d i t i o n  I ndex  No. o f  Em iss ions  Approximate r u n  time
T = 0 . 6 ,  a  = 0 . 0  1 .5  200,000  38 min.
T = 0 . 6 ,  a  = 0 . 0  3 . 5  600,000 122 min.
T o t a l  2 h o u r s  40 min.
T o t a l  P r o d u c t i v e  Computer  Time - A pprox im a te ly  166 hou rs
Ca r lo  checkou t  p rog ra m s ,  " d e - b u g g i n g "  t im e ,  and i n  w r i t i n g  and c h e ck ing  
o u t  a t h r e e - d i m e n s i o n a l  p rogram .  O r i g i n a l l y  i t  was i n t e n d e d  to  d e te r m in e  
the  e m i t t a n c e  p r o p e r t i e s  p f  a t h r e e - d i m e n s i o n a l ,  f r e e  boundary  medium, 
and a computer  program was w r i t t e n  f o r  t h i s  p u r p o s e .  Th is  program was 
ve ry  l e n g t h l y ,  c o n t a i n i n g  more t h a n  1500 c a r d s  and r e q u i r i n g  more t h a n  
t e n  m in u te s  o f  360-40  r u n  t ime j u s t  to c o m p i le .  S e v e r a l  c h e c k o u t  runs  
we re  made i n  an o p t i c a l l y - t h i n  medium, and 20 ,000  h i s t o r i e s  r e q u i r e d  35 
m in u te s  run  t im e .  Because  o f  the  e x t r e m e l y  lo n g  run  t im es  r e q u i r e d  f o r
a s i n g l e  s o l u t i o n ,  the  t h r e e - d i m e n s i o n a l  program was abandoned i n  f a v o r
o f  the  t e s t  program c o n d u c te d .
The f o l l o w i n g  l i s t  o f  symbols i s  u sed  i n  t h e  compute r  p rogram s,
and the  symbols a r e  l i s t e d  i n  the  o r d e r  i n  which th e y  a r e  found i n  the
program.
TWO-DIMENSIONAL COATING SYMBOL LIST
N E ( i , j , k )  I n t e g e r  f o r  edge e s c a p e s  ( i , j , k ) = ( l o c a t i o n
N T ( i , j , k )  I n t e g e r  f o r  to p  and bo t tom  e s c a p e s  s t r i p ,  a z im u th a l
l o c a t i o n ,  p o l a r  
l o c a t i o n )
PI  3 .1416
EL edge t h i c k n e s s
1 :u)
EL2 edge thickness/2.
PI3 3 ( 3 . 1 4 1 6 ) / 2 .
P I2  2 (3 .1416 )
IX S t a r t i n g  i n t e g e r  f o r  random number program (any odd i n t e g e r
be tw een  f o u r  and e i g h t  d i g i t s  i n  l e n g t h  was used)
INW P r in to u t  number for  em iss io n s
NFW T o t a l  number o f  e m i s s io n s
RI R e fr a c t iv e  index
STE S c a t t e r i n g  to  e x t i n c t i o n  r a t i o
TAU O p t i c a l  de p th
SOL S lab  o p t i c a l  l e n g t h  ( t o t a l  g e n e r a t i n g  l e n g t h )
STC Sine  o f  t h e  c r i t i c a l  a n g l e
NSUM Sum o f  e m i s s i o n s  ( i n s i d e  NEMIS summing)
NLOS No. o f  h i s t o r i e s  l o s t  o u t s i d e  o f  t h e  c o l l e c t i o n  a r e a  because
th e  d i s t a n c e  to  the  edge was too  g r e a t
NEMIS Sum o f  t o t a l  e m i s s io n s
ISCAT No. o f  s c a t t e r i n g s
ITMISS No. o f  e x i t s  o u t s i d e  c o l l e c t i o n  a r e a
IS No. o f  s i d e  e s c a p e s
NABS No. o f  a b s o r p t i o n s
JROF No. o f  F r e s n e l  r e f l e c t i o n s  from top  fac e
IROS No. o f  F r e s n e l  r e f l e c t i o n s  from edge
JROB No. o f  F r e s n e l  r e f l e c t i o n s  from b o t to m
IT No. o f  top e s c a p e s
IB No. o f  bo t to m  e s ca p e s
RANDU i s  the  random number g e n e r a t o r  s u b r o u t i n e
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Y,YP Y c o o r d i n a t e s  o f  e m i s s io n  p o i n t
Z,ZP Z c o o r d i n a t e s  o f  e m i s s i o n  p o i n t
PHI Az imutha l  d i r e c t i o n
CT Cos ine  o f  the  p o l a r  a n g le  t h e t a
ST S in e  o f  the  p o l a r  a n g l e  t h e t a
PL P a th  l e n g t h  o f  the  e n e rg y  bundle
C D i s t a n c e  to  t h e  n e a r e s t  boundary  i n  t h e  d i r e c t i o n  o f
e m i s s i o n
H P r o j e c t i o n  o f  C on the  X-Y p l a n e
YM P r o j e c t i o n  o f  C on the  Y -a x is
STV S in e  o f  the  e sca pe  a n g le  i n  vacuum, 0 '
CTV Cos ine  o f  t h e  e s ca p e  a n g le  i n  vacuum, 9 '
FRES i s  the  F r e s n e l  r e f l e c t a n c e  s u b r o u t i n e  
G Escape  a z i m u t h a l  a n g l e ,  c o n s i d e r i n g  symmetry
LOCAT s u b r o u t i n e  d e t e r m i n e s  the  y - l o c a t i o n  i n t e g e r  
ANGLl s u b r o u t i n e  d e t e r m i n e s  the  a z im u th a l  i n t e g e r  l o c a t i o n  
ANGL2 s u b r o u t i n e  d e t e r m i n e s  the  p o l a r  i n t e g e r  l o c a t i o n  
B i s  CTV f o r  s u b r o u t i n e s
YY,ZZ T r a n s l a t i o n  d i s t a n c e  f o r  new s c a t t e r i n g  c o o r d i n a t e s
YT T e s t  d i s t a n c e  to d e t e r m i n e  i f  e x i t  i s  o u t  edge o r  p l a n e
CTF, STF C o s in e ,  s i n e  o f  F r e s n e l  a n g l e ,  9^
ZM P r o j e c t i o n  o f  C on Z - a x i s
XM P r o j e c t i o n  o f  C on X - a x i s
LOCAE i s  t h e  s u b r o u t i n e  f o r  l o c a t i n g  the  edge e s c a p e  i n t e g e r
ONE-DIMENSZONAL COATING SYMBOL LIST 
Many o f  t h e  symbols  a r e  common to bo th  the  o n e -  and t w o - d im e n s io n a l
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computer  programs;  t h e r e f o r e ,  on ly  th o se  symbols  which a r e  d i f f e r e n t  w i l l  
be d e f i n e d  below.
NT No. o f  top e sca pe s
NB No. o f  bo t to m  escapes
NWRTE P r i n t  i n t e g e r  f o r  e m i s s io n s  ( e q u i v a l e n t  to  INW i n  p r e v i o u s
program)
NSTOP T o t a l  number o f  h i s t o r i e s  ( e q u i v a l e n t  to  NFW i n  p r e v i o u s
program)
ILTL No. o f  h i s t o r i e s  e s c a p i n g  the  top  to  the  l e f t  o f  the
c o l l e c t i o n  a r e a
ILTR No. o f  h i s t o r i e s  e s c a p i n g  the  top  to  the  r i g h t  o f  t h e
c o l l e c t i o n  a r e a
ILBR No. o f  h i s t o r i e s  e s c a p i n g  the  bo t tom  tc  the  r i g h t  o f  the
c o l l e c t i o n  a r e a
ILBL No. o f  h i s t o r i e s  e s c a p i n g  the  bo t tom  to  t h e  l e f t  o f  the
c o l l e c t i o n  a r e a
ILOST No. o f  h i s t o r i e s  whose Y - c o o r d i n a t e  exceeded  a p r e d e t e r m i n e d
d i s t a n c e
JLTRT No. o f  F r e s n e l  r e f l e c t i o n s  from top
KLTRT No. o f  F r e s n e l  r e f l e c t i o n s  from bo t tom
LOCTI s u b r o u t i n e  l o c a t e s  e x i t  s t r i p  i n t e g e r .  The e x i t s  were a c t u a l l y
d i v id e d  i n t o  two top s t r i p s  and two bo t tom s t r i p s  w i t h i n  the  c o l l e c t i o n
s t r i p  to  s e e  how the  e s c a p e s  were d i s t r i b u t e d .  The d a t a  shown i n  Chap te r  
VI r e f l e c t s  o n l y  t o t a l  e s c a p e s  i n  each  p o l a r  a n g le  in c r e m e n t .
ANGLl s u b r o u t i n e  l o c a t e s  the  p o l a r  a n g le  i n t e g e r
The computer  programs a r e  l i s t e d  on t h e  f o l l o w i n g  p a g e s .
DIMENSION N E  I 1 0 , 1 2 , 1 0 ) , NT I 2 0 , 1 2 , 1 0 )
COMMON P U E L , E L 2 , P I 3 , P I 2  




P I= 3 . 1 4 1 6
TAU=5.0
S0L=2.4
P I 3 = 3 . * P I / 2 . 0














DO 310 1=1,5  
DO 310 J = l , 1 2  
DO 310 K=l ,10  
N E ( I , J , K » = 0
310 CONTINUE
DO 311 1=1,8 
DO 311 J = l r l 2  
DO 311 K = l , 10  
N T ( ï , J , K ) =0
311 CONTINUE
GENERATE COORDINATES
1 CALL RAN0U(IX,IY,YFLI 


















211 PL=(-I . /TAU)*ALOG(YFL)
TEST ON THE ANGLE THETA 
I FICT. LT. O. O.AND. PHI .LE. PI )  GO TO 50 
IF(CT.LT.O.O.AND.PHI .GT.PI )  GO TO 51 
IF{CT,GE.O.O.AND.PHI .LE.PI)  GO TO 10 
GO TO 25
THIS IS FOR THETA LESS THAN 90 AND PHI LESS THAN 180
10 I F ( C T . E Q . 0 . 0 )  GO TO 12 
C=(EL-Z)/CT 




I F I Y . G T . 2 . 4 )  GO TO 900 
CHECK FOR TOTAL REFLECTION 
IF(ST .GT.STC) GO TO 450 






IF(YFL.GE.RHO) GO TO 451
JROF=JROF+I
GO TO 450




451 I F I Y . G T . 1 . 6 )  GO TO 13 
IT=IT+1
972 B=CTV
I F ( P H I . L E . 1 . 8 3 2 6 . OR.PHI .GE.4 . 4 5 0 6 )  GO TO 81 










IF{ I -  I D  14,  15,  15
14 CONTINUE
15 11=1
no 16 J = l , 1 2
I F ( J - I J J ) 1 6 , 1 7 , 1 7
16 CONTINUE
17 J1=J
DO 18 K = l ,1 0  
I F ( K - I K K ) 1 8 , 1 9 , 1 9
18 CONTINUE
19 K1=K
NTl Ï1 t J l i K l ) = N T (  I I ,  J l , K l ) + l  
GO TO 500 
13 ITMISS=ITMISS+1 
GO TO 500
C PHOTON DID NOT ESCAPE-WAS IT ABSORBED OR SCATTERED
12 CALL RANDUlIX,lY,YFL)
IX=IY
I F ( Y F L - S T E ) 2 0 , 2 I , 2 1
20 ISCAT=ISCAT+1
C DETERMINE NEW COORDINATES
YY=PL*ST*SIN<PHI)
Y=Y+YY




21 NABS=NABS+1 S 
GO TO 500
C THIS IS FOR PHI GREATER THAN 180 AND THETA LESS THAN 90
C ASSUME EXIT IS OUT TOP
25 IF (CT- EQ. 0 . 0 . AND. PHI .E0 . PI 21  GO TO 12
I F ( C T . E Q . 0 . 0 . A N 0 . P H I . L T . P I 2 )  GO TO 30 
H=(EL-Z)*ST/CT 
TY=-H*SIN(PHI>
I F ( T Y - Y ) 1 0 , 3 0 , 3 0  
C EXIT IS TOWARD SIDE-DETFRMINE IF PHOTON ESCAPES
30 C = ( - Y ) / l S T * S I N ( P H I ) )
IFtPL-C ) 1 2 , 3 1 , 3 1
31 CT F=( - ST) *(SI NI PHI) )
STF=SQRT(1.0-CTF*CTF)
C CHECK FOR REFLECTION OFF EDGE
IF{STF.GT.STC) GO TO 700 




CALL RANOU( IX, IV,YFL)
IX=IY
I F Î YFL.GE.RHO) GO TO 701 
IROS=IROS+1 
GO TO 700




PHI=2.0*PI -PHI  
GO TO 210






I F(Z.GT.EL2)  GO TO 3?
GO TO 34
33 1=1.- I
I F ( C T . L T . 0 . 0 . A N 0 . P H I , L E . P I 3 )  GO TO 101 
I F IC T. LT. Û. 0 .AND. PHI . GT.PI 3)  GO TO 102 









34 IFICT-GE. 0.0 . AND.PHI . LE.PI3)GG TO 105 
IF{CT.GE.O.O.AND.PHI.GT.PI3)GO TO 106 








C USE SYMMETRY PROPERTIES
104 I F I G . L E . 1 , 8 3 2 5 . OR-G.GE.4 . 4 5 0 7 )  GO TO 90 





I F ( I S E . E G . 5 )  GO TO 888
889 CALL ANGLIIG.IJJI  
GO TO 890
888 I F ! G . L E . 1 . 8 3 2 6 . OR.G.GE.6 . 0 2 1 4 )  GO TO 889 
IF(G.GT.  1 . 8 3 2 6 . AND.G.L E . 3 . 141 6)  GO TO 891 
I F I G . G T . 3 . 1 4 1 6 . AND.G.LE.4.7124)  GO TO 892 
G=6.2832-G 
GO TO 889 
891 G=3.1416-G 
GO TO 889 





IF( I - I S E ) 3 5 , 3 6 , 3 6
35 CONTINUE
36 12=1
DO 37 J = l , 1 2  
I F U - I J J  ) 3 7 , 3 8 , 3 8
37 CONTINUE
38 J2=J
DO 39 K= 1, 10
I F ( K - [ K K ) 3 9 , 4 0 , 4 0
39 CONTINUE
40 K2=K
NE( I 2 , J 2 , K 2 )  = NE{1 2 , J 2 ,K2)  +1 
GO TO 500
C PHOTON DIRECTION IS TOWARD BOTTOM
50 C=l -Z) /CT 




I F ( Y . G T . 2 . 4 )  GO TO 900 
C CHECK FOR REFLECTION OFF BOTTOM
IF(ST.GT.STC) GO TO 475 




CALL FRESIRI , ST,FT,STV,CTV,RHO)
CALL RANDUlIX,lY,YFL)
IX=IY
IF(YFL.GE.RHO) GO TO 476 
JROB=JROB+1 




476 I F ( Y . G T . 1 . 6 )  GO TO 13 
IB=IB+1
GO TO 972
C PHI IS GREATER THAN 180 SO EXIT MAY BE OUT SIDE OR BOTTOM
C ASSUME BOTTOM EXIT
51 H=(-Z)*ST/CT 
YT=(-H)*SIN(PHI)




IF(NSUM-INW)1 | 9 9 9 , 999 
999 WRITE(3,416)TAU,STE
416 FORMAT!IH , 'OPTICAL 0 E P T H = ' , F 4 . 2 , 3X,'SCATTERING TO EXTINCTION RATI 
1 0 = ' , F 4 . 2 , / )
WRITE( 3 , 4 0 7 ) NEMIS,NABS,ISCAT
407 FORMAT!IH , 'NO. OF EMISSIONS=• , I 8 , 2 X, • NO. ABSORBED:' ,1 8 , 2X, 'NO.  SC 
1ATTERE0=*, 1 8 , / )
WRITE( 3 , 4 1 5 ) I S, IT , IB, ITMISS, NLOS 
415 F0RMAT(1H , 'SIDE ESCAPES=' , I 5 , 2 X, ' TOP ESCAPES = ' , 16 , 2 X, ' BOTTOM FSCA 
I P E S = * , I 6 , 2 X , ' N 0 .  MISSES=*, I 6 , 2 X , ' NO-LOST=' , 1 6 , / )
WRITEI3,4 2 0 ) JROF,IROS,JROB
408 FORMAT!IH , 2 0 1 3 )
420 FORMAT!IH , 'NO.REFL.FROM TOP=' , 16 , 2X, ' NO.REFL-FROM SIDE = * , I 6 , 2 X, ' N 
lO.REFL.FRCM B 0 T . = ' , I 6 , / )
WRITE( 3 , 4 0 9 )
409 FORMAT!IH , 4 2 X , ' S I 0 E  ESCAPES' , / )  ^  
W R I T E ( 3 , 4 2 5 ) I {I N E ( I 2 , J 2 , K 2 ) , K 2 = l , 1 0 ) , J2 = l , 1 2 ) ,  I 2 = 1 , 5 )
WRITE( 2 , 4 2 5 ) ! ( (NE( I 2 , J 2 , K2 ) , K2=1 , 10 ) , J 2  = 1 , 1 2 ) , 1 2 = 1 , 5 )
425 FORMAT!IH , 1015)
WRITE(3,410)
410 FORMAT!IH , 1 5 X , ' T 0 P  AND BOTTOM ESCAPES' , / )
WRITE ( 3 , 4 0 8 )  ! I (NT! I I  , J1 ,K.l) ,K1 = 1 , 10)  , J l  = l ,  12) , I 1 = 1,  8)
WRI TE( 2 , 40 8) { ! ( N T ! I I , J 1 , K 1 ) , K1=1 , 1 0 ) , J l = l , 1 ? ) , I 1=1,8)
NSUM=0
IF(NEMIS-NFW)1 , 4 3 0 , 4 3 0  
430 CALL EXIT 
END
SUBROUTINE RAN13UI ï X , I Y , YEL )
IY=IX*65539







COMMON P I , E L , E L 2 , P I 3 , P I 2
I F { Z . L E . 0 . 1 1 1 1 !  GO TO I
I F I Z . G T . 0 . 1 1 1 1 . AND.Z.LE .0 . 2 2 2 2 )
I F ( Z . G T . 0 . 2 2 2 2 . AND.Z.L E . 0 . 3 3 3 3 )
I F ( Z . G T . 0 . 3 3 3 3 . AND.Z.LE. 0 . 4 4 4 4 )












GO TO 2 
GO TO 3 
GO TO 4 
GO TO 5 LriO
SUBROUTINE ANGLl(GAMMA,IM)
COMMON P r , E L , F L 2 , P I 3 , P I 2  
IF(GAMMA.GT.3.14I6)G0 TO ?
I F ( GAMMA.GE.2 . 8 7 9 8 . AND.GAMMA.LT.3 . 14 1 6 ) GO TO 3
I F ( GAMMA.GE.2 . 3 5 6 2 . AND.GAMMA.L T . 2 . 8 7 9 8 )  GO T04 
IFtGAMMA.GE.I.8 32 6 .AND.GAMMA.l t . 2 . 3 5 6 2 )  GO TO 5 
IF(GAMMA.GE.1 . 3 0 9 0 . AND.GAMMA.LT.1 .8326)  GO TO 6 
IF(GAMMA.GE.O.7854.AN0-GAMMA.l t . 1 . 3 0 9 0 )  GO TO 7 
I F ( gamma. G E . 0.2618.AND.GAMMA.l t . 0 . 7 8 5 4 )  GO TO 8 
IF(GAMMA.LT.0 . 2 6 1 8 . AND.GAMMA.GE.0 . 0 )  GO TO 9 
WRITE( 3 , 1 9 0 3 )
1903 FORMAT)IH , 'PROGRAM STOPPED BECAUSE OF ERROR NO 3») 
IM=12
RETURN
2 IF(GAMMA.LE.3.4034.AND.GAMMA.GT.3.1416) GO TO 3 
IF(GAMMA,L E. 3 . 9 2 7 0 . AND.GAMMA.GT.3- 4034)  GO TO 10 
IF(GAMMA.LE.4.4506.AND.GAMMA.GT.3 . 9 27 0)  GO TO 11 
IFIGAMMA.L E . 4 . 9 7 4 2 . AND.GAMMA.GT.4 . 4 5 0 6 )  GO TO 12 
IF(GAMMA.L E. 5 . 4 9 7 8 . AND.GAMMA.GT.4 . 9 7 4 2 )  GO TO 13 
I F ( GAMMA.L E . 6 . 0 2 1 4 . AND.GAMMA.GT.5 . 4 9 7 8 )  GO TO 14 
IF(GAMMA.GT.6.0 2 1 4 . AND.GAMMA.L E . 6 . 2 8 3 2 )  GO TO 9 
WRITE( 3 , 1 9 0 4 )




























SUBROUTINE ANGL2( BETA, I N)
COMMON P I , E L , E L 2 , P I 3 , P I 2
IF{BETA.L E . 1 , 0 . AND,BETA.GE.0 . 93971 GO TO 24 
IF(BETA.GE.0 . 8 6 6 )  GO TO 23
IF(BETA.GE.0 . 7 6 6 )  GO TO 22 %
I F {BETA,GE.0 . 6 4 2 8 )  GO TO 21 
IFIBETA.GE.0 . 5 0 0 )  GO TO 20 
IF(BETA.GE.0 . 3 4 2 0 )
IFIBETA.GE.0 . 2 5 8 8 )
IF(BETA.GE.0 . 1 7 3 6 )




























COMMON PI ,EL,EL2 , P I 3 , P I 2






RP=(( A*D)/ (B*C) ) » ( ( A*D) / (B*C))
RH0=0.5*(RS+RP)
RETURN




COMMON P I , E L , E L 2 , P I 3 , P I 2  
IF I Y . G T . 2 . 0 )  GO TO 30 
I F I Y . G T . 1 . 0 )  GO TO 50 
GO TO 60
50 I F I Y . L F . 2 . 0 . AND.Y.GE.1 , 80 )  GO TO 10
IF<Y . L T . 1 . 8 0 . AND.Y.GE.1 . 60)  GO TO 9 
I F t Y . L T . 1 . 6 0 . AND.Y.GE.1 . 4 0 )  GO TO 8 
I F I Y . L T . 1 . 4 0 . AND.Y.GE.1 . 20)  GO TO 7 











60 I F ( Y . L E . 1 . 0 . AND.Y.GE.0 . 8 )
I F ( Y . LT .O .a .AN D. Y. GE. 0 .6 )
IFCY.LT.0 . 6 . AND.Y.GE.0 . 4 )











30 I F {Y. GT. 2 .0 . AN D. Y. LE .2 . 4 )
I F ( Y . G T . 2 . 4 . A N D . Y . L E . 2 . 8 )
I F ( Y . G T . 2 . 8 . A N D . Y . L E . 3 . 2 )
I F ( Y . G T . 3 . 2 . A N D . Y . L E . 3 . 6 )  GO TO 14 





















EMISSION FROM INFINITE ABSORBING,EMITTING, AND SCATTERING MEDIA 
DIMENSION N T ( 2 , 1 7 ) , N B ( 2 , I 7 )
READ! 1,600) RI , TAU,STE,NWRTE, NSTOP,IX 
600 FORMAT(3F10,6,3I10)
EL^l .O














I T = 0  
18=0
DO 10 1=1,2 
DO 10 J = l , 1 7  
N T ! I , J ) = 0
10 CONTINUE
DO 11 K=l ,2  
















CT=1. 0 - 2 . 0*YFL 
ST=SQRT(l.O-CT*CT)




TEST ON THE ANGLE THETA 
I F I C T . L T . O . 01 GO TO 300 
I F I C T . E Q . 0 . 0 )  GO TO 12
THIS IS FOR THETA LESS THAN 90 DEGREES 
C=IEL-Z)/CT
IFIPL-C ) I 2 ,  13,  13 C;
13 H=C*ST
Y=Y+H»SINIPHI)
IFIY.LT.O. OO.OR.Y.GT.12 . 0)  GO TO 900
CHECK FOR TOTAL REFLECTION
IFIST.GT.STC) GO TO 18
THETA IS LESS THAN CRITICAL
STV=RI»ST
CTV=SQRT<1 . 0 - STV*STV)
CALL FRESIRI , ST,CT,STV,CTV,RHO)
CALL RANDUlIX,lY,YFL)
IX=IY
IFIYFL.GE.RHO) GO TO 22
JLTRT=JLTRT+1
GO TO 18
IS PHOTON ABSORBED OR SCATTERED 
12 CALL RANDUlIX,lY,YFL)
I X= I Y
I F IYF L . L E . STE) GO TO 100
NABS=NABS+1 
















PHOTON ESCAPES FROM TOP D!
22 IF( Y . L T . 3 -0 0 )  GO TO 19 °° 
IF{Y.GT. 9 . 0 0 )  GO TO 21
IT=1T+1
CALL LOCTIIY,IJ  i 
CALL ANGLl(CTV,IK)
DO 23 1=1,2  
IF( 1 - i J  1 2 3 , 2 0 , 2 0
23 CONTINUE
20 11=1
24 DO 25 J K = 1 , 17
I F ( J K - I K ) 2 5 , 2 6 , 2 6
25 CONTINUE
26 JK1=JK 
N T ( I 1 , J K 1) =N T (I 1 , J K 1) +1  
GO TO 500
THETA IS TOWARD THE BOTTOM 
300 C=(-Z/CT)
I F ( P L - C ) 1 2 , 3 1 , 3 1
31 H=C*ST 
Y=Y+ri*SINi PHU
I F I Y . L T . 0 - 0 0 . OR-Y-GT.1 2 . 0 )  GO TO 900 
CT=-CT
CHECK FOR TOTAL REFLECTION 





I X= I Y
IFIYFL.GE.RHO) GO TO 35
KLTRH=KLTR8+1
GO TO 34
PHOTON ESCAPES FROM BOTTOM 
35 I F I Y . L T . 3 . 0 0 )  GO TO 32 





I F I I - I J 1 3 8 , 3 9 , 3 9
38 CONTINUE
39 J1=I
DO 40 K = l , 17 
I F I K - I K ) 4 0 , 4 1 , 4 1
40 CONTINUE 







TOTAL REFLECTION FROM BOTTOM
34 Z=0.0




IF(NSUM-NWRTE)1 , 9 9 9 , 9 9 9  
999 WRITEC3,50l)RI,TAU
501 FORMATÎIH , 'REFRACTIVE INDEX I S ' , F 4 . 2 , 2 X , ' O P T I C A L  DEPTH I S ' , F 4 . 2 i  
WRITE 1 3 , 5 0 2 ) NE MI St NABS,ISC AT
502 FORMAT!IH , 'NO.OF EMISSIQNS=* , I 6 , 2X, • NO.ABSORBED=*, 16 , 2 X, • NO.SCATT 
I E R E D = ' , 1 8 , / )
WRITE( 3 , 5 0 3 ) I T , I L T L , ILTR,JLTRT,I  LOST
503 FORMAT!IH , 'TOP ESCAPES' ,1 6 , 2X, 'TOP LOSSES-LEFT• , I 6 , 2 X, ' TOP LOSSES 
1-RIGHT*, 16,2X, 'REFLECTlONS-TOP' , 1 6 , 2 X , ' NO,LOST=' , 14 , / )
WRITEI3 ,504) IB,  ILBL, ILBR,KT.TRB
504 FORMAT!IH , * BOT.ESCAPES' , 1 6 , 2 X , ' BOT.LOSSES-LEFT * , I 5 , 2X, ' BOT.LOSSE 
I S-RIGHT' , I6 ,2 X, ' REF LECTIONS -BOT. ' , 1 6 , / / )
WRITE(3,5C5)
505 FORMAT!IH , 2 2 X , ' T 0 P  ESCAPES' , / )  g  
WRITE( 3 , 5 0 6 ) ( ( NT( I I , JK1 ) , JK1 = I , 1 7 ) , 11=1,2)
506 FORMAT!IH , 1 7 14 )
WRITE( 3 , 5 0 7 )
507 FORMAT!IH ,20X,'BOTTOM ESCAPES' , / )
W R I T E ! 3 , 5 0 6 ) ! I N B ! J I , K 1 ) , K 1 = 1 , 1 7 ) , J 1=1 ,2 )
NSUM=0
IF!NEMIS- NSTOP) 1 , 9 9 8 , 9 9 8  
998 CALL EXIT 
END
SUBROUTINE RANDU! IX, I Y, YFL)
IY=IX*65539 
I F ! I Y ) 5 , 6 , 6





SUBROUTINE 10CT1(Y, I J )
I F I Y . G E , 3 . 0 0 . A N 0 . Y . L E . 6 . 0 0 )  GO TO I 
I F I Y . G T . 6 . 0 0 . A N 0 . Y . L E . 9 . 0 0 )  GO TO 2 
I F ( Y - L T . 3 . 0 0 . 0 R . Y . G T . 9 . Q O )  GO TO 3
1 I J = l  
RETURN
2 I J ^ 2  
RETURN
3 WRITE(3,4)Y
4 FORMAT!IH ,*Y IS NOT WITHIN LIMITS IN LOCTI- = • , F 1 0 . 4 )  




IFICTV.GE.0 . 6 4 2 8 )  GO TO 10
IF(CTV.LT.O.O) GO TO 21
IFICTV.GE.0 . 0 0 0 0 . AND.ClV.LT.0.08 7 2)
IFICTV. GE-0 .0872 .  A >jU.0T V. LT.C. l  7 37)
IF!CTV.GE.0 . 1 7 3 7 . AND.CTV.IT.0 . 2 5 8 8 )
IF!CTV.GE.0 .258 8.ANO.CTV.t T . 0 . 3 4 2 0 )
IF!CTV.GE.0 . 3 4 2 0 . AND.CTV.LT.0 . 4 2 2 6 )
IF!CTV.GE.0.4226.AND.CTV. l t .  0 . 5 0 0 0 )
IF!CTV.GE.0 . 5 0 0 0 . AND.CTV.LT.0 . 5 7 3 6 )












































10 IF(CTV.GE.0 . 6 4 2 8 . AND.CTV.LT.0 . 7 07 1 )
IF(CTV.GE.0 . 7 0 7 1 . AND.CTV.LT.0 . 7 6 6 0 )
IF(CTV.GE.0 , 7 6 6 0 . AND.CTV.LT.0 . 8 1 9 2 )
IF(CTV.GE.0 . 8  19 2 . AND.CTV.LT.0 . 8 6 6  0}
IF(CTV.GE.0 . 8 6 6 0 . AND.CTV.LT.0 . 9 0 6 3 )
IF(CTV.GE.0 . 9 0 6 3 . AND.CTV.LT.0 . 93 91 )
IF(CTV.GE.0 . 9 3 9 1 . AND.CTV.LT.0 . 9 6 5 9 )
IF(CTV.GE.0 . 9 6 5 9 . AND.CTV.LT.0 . 9 8 4 8 )
IF(CTV.GE.0 . 9 8 4 8 . AND.CTV.LT.1 .0000)
21 WRITE( 3 , 2 2 )  CTV













SUBROUTINE FRESIRI , ST,CT,STV,CTV,RHO)






RP=( ( A * D) / (8 *C) ) * ( ( A*D) / (B»C) )
RH0=0.5*(RS+RP)
RETURN
10 R H O = ( ( R I - l . 0 ) / ( R I + 1 . 0 ) ) » * 2 . 0  
RETURN W
END
1. 800  5 . 0 0  0 . 9 9 0  2500 15000 1852579
